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Abstract

This paper models decision makers who are cognisant of their own potential un-
awareness and who may have an a priori sense that not all unknowns are equal. Dif-
ferent types of surprises may be anticipated in different situations, and this matters
for choices. The paper proposes a model that accommodates such a priori differences
in anticipation. It allows for subjectively different unknowns and provides a represen-
tation of preferences that has an expected utility structure, but where the attitudes
towards differently perceived unknowns are allowed to differ.
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1 Introduction

This paper models decision makers who are cognisant of their own potential unawareness
and who may have an a priori sense that not all unknowns are equal. In particular,
a decision maker’s a priori anticipation of how potential unknown consequences of her
actions will affect her well-being may differ for different actions. In other words, there is a
subjective perception that unknowns are not simply unknowns.

By the nature of unawareness, a decision maker who is aware of her unawareness cannot
know exactly what she is unaware of. Instead, she is simply aware that there may be aspects
of the universe that she cannot describe with her current language. There may be potential
consequences of her actions that have never been heard of or imagined.

∗Department of Economics and Business Economics, Aarhus University, Fuglesangs Alle 4, 8210 Aarhus
V, Denmark. Email: mlv@econ.au.dk. I gratefully acknowledge financial support from Aarhus Univer-
sity Research Foundation. I thank Edi Karni and Burkhard Schipper for comments and suggestions that
significantly improved the paper. Any errors are my own.
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Karni and Vierø (2017) provides a choice theoretic model of growing awareness when
the decision maker has awareness of her unawareness. In that paper, all potential unknown
consequences arising from any act are “collapsed” in the same way to a single unknown,
which is assigned a utility value that captures the decision maker’s expected value of the
unknown and is the same for all acts. In other words, all potential consequences that the
decision maker is unaware of are assigned the same utility value a priori. As a result, all
unknown consequences are treated identically from an a priori point of view.

However, it is reasonable to have a priori differences in the valuations of unknowns
arising in different situations. Presumably, many would anticipate the unknowns arising
from becoming a parent as being more positive than the unknowns arising from develop-
ing post-traumatic stress disorder. A different example is the perception of positive and
negative side-effects of medication. Recently, the anticipation of negative unknown, never
seen or heard of, side effects of COVID-19 vaccines received a lot of attention and policy
interest, as vaccine sceptics raised concerns about negative unknowns.

Discoveries of positive unknown side effects play an important role in pharmaceutical
research and development. As an example, consider the development of the drug Sildenafil,
which was undergoing clinical trials as a treatment for pulmonary hypertension.1 During
the trials, a nurse made the observation that male subjects were always resting on their
stomachs when she came to check on them. It turned out that they did so because they were
embarrassed about having erections. The discovery of this unanticipated side effect lead to
the drug being developed for what is now its main use. Sildenafil is the active ingredient in
Viagra, and judging by its commercial success, the side effect can be classified as positive.2

The point of the examples is to illustrate that not only does awareness of unawareness
affect choices, so does a decision maker’s anticipation of discovering different new conse-
quences depending on her actions. Hence, all unknowns are not equal. One can also think
of it as if there are different shades of the unknown. Since the decision maker’s different
subjective perceptions presumably matter for her choices, a good model of behavior should
accommodate this.

The present paper proposes a model of awareness of unawareness that indeed accommo-
dates such a priori differences in anticipation. It allows the decision maker to operate with
multiple subjectively different unknowns, and her a priori anticipation of how potential un-
known consequences of her actions will affect her well-being may differ for different actions.
In particular, it will be assumed that the decision maker perceives some subjective set of
potential unknown consequences. These could for example be “something good,” “some-
thing bad,” something terrible,” and “a minor inconvenience.” This introduces subjectivity
into the description of consequences, since they incorporate how the decision maker feels
about the unknown. Thus, there are aspects of the decision environment that are not
objectively defined.

1Pulmonary hypertension is high blood pressure in the blood vessels that supply the lungs.
2Listen to episode 12 of the Signal podcast, where John LaMattina, who was the head of research and

development at Pfizer while this research was ongoing, speaks.
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On the other hand, outside observers can only meaningfully describe an act using
objective language, because the only resolutions of uncertainty that we can hope to verify
must be objectively described. Bets must be specified in objective language in order to
be settled once uncertainty resolves. A bet can, without causing later problems, specify
the delivery of a consequence, which is none of the prior known consequences, if such a
consequence is discovered. The same is not the case for subjective consequences. It cannot
be observed or verified how a decision maker perceives a new consequence. In other words,
while we can observe and verify that some unanticipated consequence materialized, we
cannot observe or verify neither how the decision maker anticipated it ex ante, nor how
he feels about it ex post. Further complicating the matter, different decision makers may
disagree on the subjective nature of a consequence.

The lack of verification possibilities makes the question of how many unknowns to
include when modelling the decision maker far from trivial. However, it is an important
question. It will be argued below that a serious problem arises if we fail to recognise that
the decision maker perceives multiple subjective unknowns. Rational decision makers will
display seemingly irrational behaviour if we fail to recognise the issue. Thus, the question
of whether we should include multiple subjective unknowns needs to be addressed.

Allowing for subjectivity in the description of unknown consequences gives rise to a
number of issues. The first issue is the direct effect of this subjectivity, which provides a
challenge for the revealed preference approach. In standard choice theoretic models, the
consequences are objective in the sense that ex-post it can be verified which one materi-
alised. This is also the case for the unknown consequence in Karni and Vierø (2017).

In order for the revealed preference approach to be valid, a model needs to be framed
in objective language. Resolutions of uncertainty need to be objectively verifiable, such
that bets, trades and contracts can be settled once uncertainty resolves. Thus, axioms can
only meaningfully be imposed on entities that can be objectively described.

Viewed simply as courses of action, acts are objective entities and can be taken as
primitives. However, without more structure, a model is not particularly useful. The issue
of subjectivity arises if we want to model uncertainty with a state space and acts as being
state-contingent. Then there is a mismatch between the objects the decision maker forms
preferences over and the objects we as outside observers can perform meaningful axiomatic
choice tests between. While the decision maker can split the atom “unknown consequence”
into multiple subjective unknowns, choice tests cannot be performed at this subatomic level.
An outside observer’s description of the objects of choice, which has to rely on objective
language, will in general leave some unresolved residual subjective uncertainty.

The question therefore arises whether we can model a decision maker who has prefer-
ences over courses of action that have subjective unknown elements as if she is maximising
expected utility over the translations of these to objective state-contingent acts. The
present paper provides conditions under which the answer to this question is affirmative.

The results enable us to fit the problem with multiple subjective unknowns into a
framework that is as close as possible to existing frameworks. The model is tractable and
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easy to use in applications. This further motivates why it is desirable to translate the
problem to one where the objects of choice are modelled with objective state-contingent
acts.

The present paper unifies two different approaches. Skiadas (1997a,b) considers prefer-
ences over acts, where an act is simply a label of a course of action. This provides a useful
way of thinking of acts when there is subjectivity in the description of the unknown conse-
quences. The present paper combines the approach of Skiadas with the approach from the
reverse Bayesianism papers by Karni and Vierø (2013, 2015, 2017), Vierø (2021), Karni,
Valenzuela-Stookey and Vierø (2021), and Dominiak and Tserenjigmid (2018, 2022).3

Awareness of unawareness has been addressed epistemically by Board and Chung
(2011), Walker (2014), and Halpern and Rego (2009, 2013). Choice theoretic papers on
awareness of unawareness include Walker and Dietz (2011), Alon (2015), Piermont (2017),
and Kochov (2018). For an overview of the earlier unawareness literature, see Schipper
(2015).

Grant and Quiggin (2015) presents a model where the decision maker may face a
favourable or unfavourable surprise. However, they treat the type of surprise as an objec-
tive property and therefore bypass most of the issues the present paper addresses. Grant
and Quiggin (2013a, 2013b) consider dynamic games with differential awareness, where
players may be unaware of some histories of the game. They provide logical foundations
for players using inductive reasoning to conclude that there may be parts of the game tree
of which they are unaware. Ozbay (2007) considers games where a player’s awareness may
increase due to strategic announcements by his opponent.

Kreps (1979, 1992) and Dekel, Lipman and Rustichini (2001) derive a subjective state
space from a decision maker’s choices over menus that constitute future choice sets. Each
subjective state corresponds to a possible future preference relation. In Dekel et al., the
decision maker anticipates that different future circumstances may exist in which he will
have different preferences, and the optimal menu is the one that gives the decision maker
the best possibilities ex post, not yet knowing which of his ex post preferences will apply. In
contrast, in the present paper the decision maker has to make a final choice right away. She
recognizes that she does not have an objective basis for evaluating yet unknown outcomes
that potentially arise. Instead she uses her subjective evaluation, or estimate, of the utility
she will get from the potential unknown consequences arising from different acts to guide
her single final decision. These subjective evaluations need not hold ex post.

Blume, Easley and Halpern (2021) considers a decision maker who choses between
syntactic programs. The syntactic programs are “if ... then ... else ...” statements that
involve tests formulated as propositions about the world. The goal of Blume et al. is to
obtain an expected utility representation without taking states and consequences as part
of the description of the problem. In the present paper, I use the structure provided by

3Schipper (2022) connects reverse Bayesian updating of beliefs to the statistical literature on exchange-
able random partitions. Wakker (1989) is a useful technical reference.
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the actions and consequences the decision maker is aware of. This has bite in terms of
identification. Given knowledge of actions and consequences, the decision maker’s and the
outside observer’s objective formulation of the possible resolutions of uncertainty coincide.
Subjectivity is about attributes that may be revealed later so that the decision maker does
not yet know what they are at the time of decision.

Lipman (1999) models a decision maker who lacks logical omniscience. There may be
some logically equivalent information sets that the agent does not perceive as such. The
state space is extended to include “impossible possible worlds” in which such sets indeed
differ. The set of consequences is given. In the present paper, the decision maker acts
logically consistent given his subjective ex ante perception of consequences. Because there
are multiple subjective perceptions, objective states are not complete descriptions of the
world. Objectively verifiable language is insufficient to describe all logical consistencies
that affect preferences.

The paper is organised as follows: Section 2 presents the primitives, develops the frame-
work, and presents the basic preference structure. Section 3 illustrates the problem that
arises if we fail to recognise that a decision maker perceives multiple subjective unknowns.
Section 4 provides a test to reveal multiple subjective unknowns. Section 5 provides fur-
ther preference structure and the main representation result. Section 6 revisits the question
of how many unknowns to include, and Section 7 concludes. Proofs are collected in the
Appendix.

2 Model

Consider the following framework of a decision maker facing a potential expansion of his
awareness. Due to awareness of unawareness and the subjectivity of consequences, care
must be taken when building the model, and steps that are usually taken implicitly must
be taken carefully. For each step, it must be considered how that step is affected by
unawareness, subjectivity, and multiple potential unknowns.

The primitives of the model are a set of basic actions, to be interpreted as names of
possible courses of action, and a set of known consequences that the decision maker is
aware of. Let A denote the set of basic actions, with generic element a. Assume that A
is non-empty and finite. Actions eventually lead to consequences. Let C denote the set
of known consequences that is, the set of consequences the decision maker is aware of,
also assumed non-empty and finite. The sets A and C are assumed to be objective and
observable by outsiders.

The decision maker is aware of her potential unawareness. She therefore entertains
the possibility that in addition to the known consequences in C, new, not yet seen or
heard of, and thus not experienced, consequences may result from the actions. Such a new
consequence represents an expansion of the decision maker’s awareness.

Define x ≡ ¬C to be the abstract “consequence” that has the interpretation “none of
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the above.” The abstract consequence x will be referred to as the objectively unknown,
because it can be verified whether or not a new consequence that does not belong to C was
discovered. Define Ĉ ≡ C∪{x}, and denote it the set of objectively extended consequences.

2.1 Objective modeling of uncertainty

Given awareness of A and C, the possible resolutions of uncertainty that can be objectively
described are given by the objective conceivable state space, defined in Karni and Vierø
(2017).4 It is defined by

S0 ≡ (Ĉ)A = {s : A → Ĉ}, (1)

that is, the set of all functions from the set of basic actions to the set of objectively extended
consequences. A state is thus given by the unique objectively extended consequence that
is associated with every basic action, and the objective conceivable state space exhausts
all possibilities for assigning the objectively extended consequences to the basic actions.
It is uniquely and objectively defined given A and C. With the definition in (1), states
are simply abstract notions of possible resolutions of uncertainty and do not have meaning
beyond that. Let S̃ = CA denote the subset of fully describable states, whose descriptions
only involve the known consequences. States in S0 \ S̃ are referred to as imperfectly
describable, because their description involves the unknown consequence, which cannot
be fully described ex ante. Example 1 provides an illustration of the construction of the
objective conceivable state space.

Example 1.a: COVID-19 vaccination decision. As a simple example of a vaccination
decision, let the set of basic actions be A = {a1 = vaccination, a2 = no vaccination} and
the set of known consequences be C = {c1 = healthy, c2 = sick}. Given C, the objective
unknown is defined as x = ¬{c1, c2}, that is, neither healthy nor sick, and the objective
state space defined in (1) is given by

s1 s2 s3 s4 s5 s6 s7 s8 s9
a1 c1 c1 c1 c2 c2 c2 x x x
a2 c1 c2 x c1 c2 x c1 c2 x

(2)

The set of fully describable states is {s1, s2, s4, s5}.■

The objective conceivable state space, derived using the single objective unknown con-
sequence x, constitutes the objective description of the world. It depicts uncertainty as it
can be described and verified by an external observer.

4In Karni and Vierø (2017), it was referred to as the augmented conceivable state space. The term
objective conceivable state space is used in the present context to distinguish it from the subjective depiction
of uncertainty below.
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2.2 Subjective uncertainty

The objective conceivable state space, may not reflect the problem as the decision maker
sees it. The decision maker may in fact perceive a number of potential unknown con-
sequences. They could, for example, be “something good,” “something bad,” something
terrible,” and “a minor inconvenience.” These are subjective, since they incorporate how
the decision maker feels about the unknown, and it cannot be verified neither what the
decision maker ex ante anticipates feeling, nor how the decision maker indeed feels ex post.
Furthermore, ex-post it may turn out that something the decision maker anticipated to
affect her well-being in a particular way may actually affect her well-being differently once
experienced.

Let Xsub = {x1, . . . , xm} be the set of subjective potential unknown consequences
considered by the decision maker. Define Ĉsub ≡ C ∪Xsub, denoted the set of subjectively
extended consequences. Note that the perception of consequences in Xsub may differ from
the ex-ante and the ex-post point of view. For example, an unknown that was expected
to be terrible may turn out to be a minor inconvenience. Also, since the consequences
in Xsub are subjective, it cannot be verified which one of them materialised. However,
outsiders can verify that some consequence in Xsub materialised. That some consequence
in Xsub materialised is captured by the one objectively unknown consequence. In other
words, all subjectively unknown consequences in the decision maker’s subjective view of
the world have the same projection, to the objectively unknown consequence x, in the
objective description of the world.

Define the subjective conceivable state space

Ssub ≡ (Ĉsub)
A = {s : A → Ĉsub}. (3)

that is, the set of all functions from the set of basic actions to the set of subjectively
extended consequences. The subjective conceivable state space captures the perspective
of the decision maker and lists the possible resolutions of uncertainty that the decision
maker envisions. Since only the decision maker knows how many unknowns she perceives,
only the decision maker knows which subjective state space she envisions. The subjective
conceivable state space is also partitioned into fully describable states in which only known
consequences may materialise, and states in which new, previously unknown, consequences
may be discovered and materialise. The set of fully describable states is the same as for
the objective conceivable state space.

When the decision maker perceives several possible subjective unknowns, the subjec-
tive conceivable state space is a finer partition of the objective conceivable state space.
The decision maker has a more fine-grained depiction of how uncertainty can resolve than
reflected by the objective conceivable state space. In particular, an objective imperfectly
describable state where a new consequence is discovered is partitioned into multiple sub-
jective states, corresponding to the different perceptions of the unknown. Thus, given a
particular objective state, there may still be residual subjective uncertainty, the resolution
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of which is not given by the knowledge of the objective state. In the formulation of Schip-
per (2021), the subjective state space is more expressive than the objective state space.
Example 1 is continued below to provide an illustration of the decision maker’s subjective
view of the world, given by the subjective conceivable state space.

Example 1.b: COVID-19 vaccination decision. As before, let the set of basic actions
be A = {a1 = vaccination, a2 = no vaccination} and the set of known consequences be
C = {c1 = healthy, c2 = sick}. Suppose the decision maker anticipates either a positive
never heard of unknown side effect P or a negative never heard of unknown side effect N .
The set of subjective unknowns is thus Xsub = {P,N}. Hence, there are four subjective
extended consequences: Ĉsub = {c1, c2, P,N}. The subjective state space defined in (3) is
given by

ss1 ss2 ss3 ss4 ss5 ss6 ss7 ss8 ss9 ss10 ss11 ss12 ss13 ss14 ss15 ss16
a1 c1 c1 c1 c1 c2 c2 c2 c2 N N N N P P P P
a2 c1 c2 N P c1 c2 N P c1 c2 N P c1 c2 N P

(4)

As state spaces (2) and (4) illustrate, objective states do not resolve all subjective uncer-
tainty. While there is a unique projection of each subjective state on the objective state
space, different subjective states may project to the same objective state. For example, the
subjective states ss11, s

s
12, s

s
15 and ss16 in the space (4) all project to the objective state s9 in

the space (2). Thus, knowledge of the occurrence of objective state s9 still leaves residual
uncertainty about which of the subjective states ss11, s

s
12, s

s
15 or ss16 prevails.■

The objective unknown consequence x in the objective description of the problem is
identical to the set of subjective unknown consequences Xsub in the decision maker’s sub-
jective view of the problem. Which of the elements in Xsub obtains is the decision maker’s
private information. Therefore, strict subsets of Xsub cannot be contracted or bet on. As a
result, nor can individual subjective imperfectly describable states. The objective unknown
x and objective states do not suffer from these problems.

2.3 Objects of choice

In order to apply the revealed preference approach, we must be able to both describe bets,
trades, and contracts ex ante and settle them once uncertainty resolves. Therefore, the
external observer’s model of the decision maker, as well as the axiomatic choice-tests, must
be phrased in objective language. At the same time, we need to allow for the decision
maker’s subjective perception of multiple unknowns to have an effect on behavior.

The set of basic actions A form part of the choice set. The elements of A can be ob-
jectively described, since they are just names of possible courses of action. For example,
an element of A could be “get a Pfizer vaccine,” which is well-defined and verifiable. At
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the same time, an element of A may include subjective elements. For example, “experi-
ence a terrible, previously unseen or unheard of side effect,” and “experience a wonderful,
previously unseen or unheard of side effect.”

In addition to choosing basic actions, the decision maker can make bets on objective
conceivable states, with payoffs in known consequences. The set of such bets is given by

BC ≡ {b : S0 → C}.

These bets are state-contingent and are fully objective. The DM is also assumed to be able
to randomize among and between basic actions and state-contingent bets.

Denote by H ≡ ∆(A∪BC) the set of all possible probability distributions on A∪BC .
A generic element µ ∈ H selects an act in A ∪ BC according to the distribution µ, and
is to be understood as an objective randomisation between possible courses of actions and
bets. Elements of H are referred to as mixed acts. For notational convenience, denote the
support by H ≡ A ∪BC . Let h denote a generic element of H.

The set of mixed acts H is the choice set. It satisfies the requirements of being
formulated using only objective language and at the same time allowing for subjective
elements. Decision makers are assumed to have preferences over H .

Note that the set of mixed acts H is a connected compact topological space. With
common abuse of notation, h also denotes the mixed act that assigns probability 1 to act
h. Thus, H ⊂ H .

For all µ, µ′ ∈ H and α ∈ [0, 1], αµ + (1 − α)µ′ ∈ H is a point-wise mixture on
the support of the mixed acts. It can be interpreted as a coin-flip determining which
randomisation device to use. With this mixture operation, H is a convex set. Note that
(αµ+ (1− α)µ′)(h) = αµ(h) + (1− α)µ′(h) for all h ∈ H.

2.4 Basic preference structure

The decision maker has a preference relation ≿ on the set of mixed acts H . Define ∼ and
≻ as, respectively, the symmetric and asymmetric parts of ≿. The preference relation is
assumed to satisfy the following standard axioms:

Axiom 1 (Pre-order). The strict preference relation ≻ on H is asymmetric and negatively
transitive.

Axiom 2 (Continuity). For all µ ∈ H , the sets {µ′|µ′ ≿ µ} and {µ′|µ ≿ µ′} are closed.

Axiom 3 (Independence). For all µ, µ′, µ′′ ∈ H and α ∈ (0, 1], µ ≻ µ′′ implies αµ+ (1−
α)µ′ ≻ αµ′′ + (1− α)µ′.

The set of mixed acts H is a convex subset of a Euclidean space. Therefore, by
Proposition 2 of Uyanik and Khan (2022), Axiom 2 (Continuity) implies the Archimedean
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axiom.5 Then the mixture space theorem immediately implies existence of a representation
as well as linearity.

Proposition 1. If the preference relation ≻ satisfies Axioms 1 through 3, then there exists
a function V : H → R such that for all µ, µ′ ∈ H , µ ≻ µ′ ⇔ V(µ) > V(µ′). Further-
more, V(αµ + (1 − α)µ′) = αV(µ) + (1 − α)V(µ′), and V is unique up to positive affine
transformation.

By standard arguments, it can be shown that there exists a utility function V on the
possible courses of action. This is stated as Lemma 1 in the Appendix.

2.5 Anscombe-Aumann acts

It is standard in modern decision theory to model the choice set as a set of Anscombe-
Aumann (1963) acts. To obtain a model that is close in formulation to the standard
model, mixed acts are translated to these. Karni and Vierø (2017) extended Anscombe-
Aumann acts to potentially return a previously unknown consequence, with the consistency
restriction that if a state does not prescribe a surprise for any basic action, then the
Anscombe-Aumann acts cannot yield a surprise in that state either.6 Formally, the set of
objective extended Anscombe-Aumann acts is given by

F0 ≡ {f : S0 → ∆(Ĉ) such that f(s) ∈ ∆(C) ∀s ∈ S̃}.

There is a unique translation of mixed acts in H to objective extended Anscombe-
Aumann acts. Given the definition of the objective state space, each basic action a ∈ A
maps uniquely to a state-contingent act, namely a∗ such that for all s ∈ S0, a

∗(s) = s(a) ∈
Ĉ. In matrix (2), for example, act a1 maps to a∗ for which a∗(s1) = a∗(s2) = a∗(s3) = c1,
a∗(s4) = a∗(s5) = a∗(s6) = c2, and a∗(s7) = a∗(s8) = a∗(s9) = x. The bets specify state-
contingent outcomes by definition. Thus, all acts in the support of the mixed acts have a
unique translation to objective state-contingent acts that assign some consequence to each
state.

For general mixed acts h ∈ H , the translation mapping T : H → F0 in Definition 1
translates each mixed act µ in H to a unique objective extended Anscombe-Aumann act,
which returns a particular lottery Ts(µ) over objectively extended consequences if nature
chooses state s ∈ S0.

Definition 1. The translation mapping T : H → F0 is defined by for all s ∈ S0, for all
ĉ ∈ Ĉ, for all µ ∈ H ,

Ts(µ)(ĉ) =
∑

h∈supp(µ):h(s)=ĉ

µ(h). (5)

5The stronger form of Continuity is needed for later results.
6The consistency restriction ensures adherence to the revealed preference methodology.
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Note that the translation mapping is linear, that is,

T (αµ+ (1− α)µ′) = αT (µ) + (1− α)T (µ′). (6)

It is important to note that some aspects that form part of the decision maker’s per-
ception of the mixed acts are lost in translation, because the translation suppresses the
subjective aspects. Different acts in H that involve different perceptions of the unknown
may translate to the same objective extended Anscombe-Aumannn act. That is, T−1 is a
correspondence. However, different acts in T−1(f) need not be indifferent to each other.

In summary, an outside observer who seeks a tractable state-contingent model and
is constrained by the need to frame the model in objective language faces a mismatch
between the objects the decision maker forms preferences over and the objects the outsider
can observe choice between. This raises a number of questions. The first is what this does
to the revealed preference approach. The second is whether we can elicit the cardinality
of the set of subjective unknowns Xsub. In other words, whether we can elicit how many
subjective unknowns the decision maker considers. The third and main question is whether
we can model a decision maker who has preferences over acts that have subjective unknown
elements with a state-contingent model framed in objective language. More precisely, can
we model a decision maker who has preferences over the mixed acts in H , as if she is
maximising expected utility over the translations of these to objective extended Anscombe-
Aumann acts, without surpressing that the subjective elements impact behavior?

3 Seemingly irrational behaviour

As outside observers, we need to rely on a model that is framed in objective language,
because only resolutions of uncertainty that can be described with objective language are
verifiable and tradable. However, if we fail to recognize that a decision maker perceives
multiple subjective unknowns, it poses a serious problem. A rational decision maker may
display seemingly irrational behaviour. Suppose a decision maker considers multiple un-
knowns and views the acts in her choice set as potentially resulting in different of these.
Choices will appear inconsistent and thus irrational in the reduced objective world given by
the objective state space and objective state-contingent acts, when they are in fact ratio-
nal given the decision maker’s extended language and view of the problem. The following
example illustrates the issue in the context of a vaccination decision.

Example 2: Suppose we are interested in eliciting a decision maker’s preferences over
getting a COVID-19 vaccine vs. not getting a vaccine. Two different COVID-19 vaccines
are available, which are identical in their objective descriptions. However, the decision
maker perceives one vaccine to potentially result in a positive, never seen or heard of,
unknown consequence and the other in a negative, also never seen or heard of, unknown
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consequence, and as a result has the following rankings:

Vaccine 1 ≻ No vaccine

and
No vaccine ≻ Vaccine 2

Suppose the outside observer does not realise that the decision maker perceives the vaccines
as resulting in different unknowns and therefore simply categorizes unknowns as unknowns
and as a result categorizes each of the two vaccines simply as “vaccine”. Then the choice
between ”vaccine” and ”no vaccine” will appear to violate rationality, because it violates
asymmetry of the strict preference relation:

Vaccine ≻ No vaccine ≻ Vaccine

However, the violation is due to deficiencies in properly modelling the problem rather than
irrationality of the decision maker.

The example can be elaborated upon by considering the state spaces in Example 1.
Assume that beliefs over the objective state space (2) have π(s2) = π(s3) = π(s4) = π(s6) =
π(s7) = π(s8) = 0. Let h1=Vaccine 1 and h2=Vaccine 2, with T (h1)(s1) = T (h2)(s1) = c1,
T (h1)(s5) = T (h2)(s5) = c2, and T (h1)(s9) = T (h2)(s9) = x.

Vaccine 1 and Vaccine 2 thus have the same objective translation. With probability
π(s1), they result in c1, π(s5), they result in c2, and with probability π(s9), they result in
something new. Thus, they look identical to the analyst. Call this objective translation
“Vaccine”. The axioms in Karni and Vierø (2017) would imply that h1 ∼ h2.

Now suppose the decision maker perceives of two subjective unknowns, P and N , with
P ≻ N . In state spaces (2) and (4), s1 = ss1, s5 = ss6, and s9 = {ss11, ss12, ss15, ss16}. If the
decision maker bases his decisions on the subjective view in (4), and he perceives ss15 more
likely than ss12, then h1 ≻ h2. But if the analyst works with the objective translations, it
looks like Vaccine≻Vaccine. ■

As Example 2 demonstrates, behaviour that is rational given the extended language of
the decision maker may look irrational when described with the reduced language of the
analyst. Behaviour will appear to violate asymmetry of the strict preference relation. A
good model of behaviour needs to accommodate that subjective perceptions affect behavior,
but that part of the subjective information the decision maker bases his decisions on is lost
in translation to the objective description.

Difficulties arise because the underlying subjective state space, which forms the basis
for the decision maker’s decisions, changes depending on how many subjective unknowns
are included, and this is unobservable to outsiders. At the same time, acts with subjective
distributions, or lotteries, over subjective unknowns in each of the imperfectly describable
states must be modelled by the outside observer using objective state-contingent acts that
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return lotteries known consequences and a single none-of-the-above. Subjective features
are lost in the objective translation.7

4 How many unknowns?

Section 3 established the importance of acknowledging that the decision maker potentially
perceives multiple subjective unknowns. It is therefore important to establish how one
can elicit whether a decision maker indeed has such a perception. We can directly use
that asymmetry of the strict preference relation will be violated if we model the decision
maker with a single unknown, when he in fact perceives multiple unknowns. The following
asymmetry test can be used to reveal the decision maker’s perception:

Definition 2 (Asymmetry test to reveal multiple subjective unknowns:). Does there exist
s ∈ S0 and µ, λ ∈ H , with Ts′(µ) = Ts′(λ) ∈ C for s′ ̸= s and Ts(µ) = Ts(λ) = x such
that µ ≻ λ?

If the answer to the question in Definition 2 is yes, we need to model the decision maker
with multiple subjective unknowns.

In Definition 2, the mixed acts µ and λ translate to the same known consequence in
all states except from s. In state s, both acts translate to the objective unknown. If the
decision maker prefers one act over the other, it must be because the unknown arising from
µ is perceived by the decision maker to be different from the unknown arising from λ.

A positive insight is that the problem with seemingly irrational choice can be addressed
by including multiple subjective unknowns. Apparent violations of rationality that are due
to deficiencies in properly modelling the problem disappear when the problem is modelled
properly.

5 Further preference structure

The main representation result shows that we can use a model with objective extended
Anscombe-Aumann acts and an expected utility representation over these to capture the
behaviour of a decision maker who forms preferences over mixed acts that have subjective
unknown elements. As in Karni and Vierø (2017), the expected utility representation
includes the decision maker’s attitude towards the unknown. However, in order to avoid
the seeming violations of rationality due to losses in translation from subjective to objective
acts, the decision maker’s attitude towards the unknown is both state-dependent and act-
dependent.

7Further difficulty would arise at the interpersonal level: a particular objective state-contingent act may
be a translation of different subjective acts for different decision makers.
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5.1 Conditional preferences, null states, and notations

It is assumed that the decision maker is always able to form an opinion about which one
of two acts in H will lead to more desirable residual uncertainty if any given objective
event E ⊆ S0 occurs. The residual uncertainty may be about objective states if E is
non-degenerate, or about subjective states, as described above, if E contains imperfectly
describable states. Thus, for any event E ⊆ S0, the decision maker has an ex-ante condi-
tional preference order ≿E on H . This is inspired by Skiadas (1997a,b).

Definition 3. µ ≿E µ′ if and only if, from an ex-ante point of view, the decision maker
regards the residual uncertainty of mixed act µ on event E at least as desirable as the
residual uncertainty of mixed act µ′ on the same event, not knowing whether or not the
event will occur.

Since the actual resolution of uncertainty may reveal new consequences, and the decision
maker then experiences how they actually affect her well-being, her ex-post preferences may
not agree with her ex-ante preferences.

An objective state s is said to be null if µ ∼s µ
′ for all µ, µ′ ∈ H . An objective state

is said to be nonnull if it is not null.
Define the following notations: Let

FC = {f : S0 → ∆(C)}

be the set of objective Anscombe-Aumann acts that return lotteries over known conse-
quences, i.e. lotteries with support a subset of C. Notice that

∆(BC) = {µ ∈ H |T (µ) ∈ FC}.

Thus, the set of mixed acts whose support is a subset of BC is exactly the set of mixed
acts whose translations return lotteries over known consequences only. Notice also that
the translation mapping from ∆(BC) to FC is onto.

Let
L = {µ ∈ H |Ts(µ) = Ts′(µ) ∈ ∆(C) ∀s, s′ ∈ S0}

be the set of mixed acts that translate to constant Anscombe-Aumann acts in FC . Note
that L ⊂ ∆(BC) and ∆(BC) ⊂ H .

Let lp ∈ L denote an act that translates to the constant Anscombe-Aumann act p ∈
∆(C) and let Lp denote the set of these acts, that is, the set of all acts that translate to
the same constant Anscombe-Aumann act p. Finally, let n = |S0| denote the cardinality
of S0.

5.2 Further preference structure and main representation result

The next few axioms are only imposed on preferences over mixed acts that do not reveal
new consequences under any circumstance, that is on preferences over ∆(BC). Axiom 4
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states that as long as no new consequence is involved, the decision maker is indifferent
between mixed acts that translate to the same objective Anscombe-Aumann act.

Axiom 4 (Extended indifference). For all µ, µ′ ∈ ∆(BC), if T (µ) = T (µ′) then µ ∼ µ′.

It is important that Axiom 4 is only imposed on ∆(BC) rather than on preferences over
the full set of mixed acts, exactly because we want to allow for the flexibility of evaluating
different subjective unknowns differently. That is, Axiom 4 does not in general impose that
the decision maker is indifferent between acts that translate to the same objective extended
Anscombe-Aumann act. Specifically, when the objective extended Anscombe-Aumann act
belongs to H \ ∆(BC), the decision maker is allowed to replace the objective unknown
x with lotteries over subjective unknowns, with different such lotteries for different acts.
Because the subjective consequences may be different for two mixed acts that translate to
the same objective extended Anscombe-Aumann act, the decision maker may have a strict
preference between them.

By including Axiom 4, we get separability over states.

Proposition 2. If a preference relation ≿ on ∆(BC) satisfies Axioms 1 through 4, then
there exist real-valued functions {Ws}s∈S0 on C, unique up to cardinal unit-comparable
transformation, such that for all µ, µ′ ∈ ∆(BC),

µ ≻ µ′ ⇔
∑
h∈BC

µ(h)
∑
s∈S0

Ws(Ts(h)) >
∑
h∈BC

µ′(h)
∑
s∈S0

Ws(Ts(h)). (7)

The proof of Proposition 2 is in the Appendix.

Like Axiom 4, the next two axioms are also only imposed on preferences over ∆(BC).

Axiom 5 (Conditional non-triviality). The strict conditional preference relation ≻s on
∆(BC) is non-empty for at least three states s.

Note that when ≻s is non-empty on ∆(BC), it implies that ≻s is nonempty on H .

Axiom 6 (∆(BC)-Monotonicity). For all p, q ∈ ∆(C), for all non-null states s, for all
µ, µ′ ∈ ∆(BC) with Ts′(µ) = Ts′(µ

′) for all s′ ̸= s, Ts(µ) = p, Ts(µ
′) = q, we have

µ ≿ µ′ ⇔ lp ≿ lq for all lp ∈ Lp and lq ∈ Lq.

Axiom 6 states that if two mixed acts in ∆(BC) only differ in the residual uncertainty
in objective state s, and that residual uncertainty translates to lotteries p and q, then the
ranking of these two acts is the same as the ranking of acts that translate to those lotteries
everywhere.

By adding Axioms 5 and 6, we can obtain subjective probabilities of objective states
in S0 and state-independent Bernoulli utilities of known consequences (see Lemma 2 in
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the Appendix). We thus have a standard subjective expected utility representation over
objective extended Anscombe-Aumann acts when we restrict attention to acts that do
not result in new consequences. This provides structure for the remaining task, since it
provides a measuring rod against which we can compare the anticipated well-being from
unknown consequences.

The remaining task is to obtain a utility representation over all acts, which has an
expected utility structure but still allows the decision maker to treat different subjec-
tive unknowns differently. The following axioms are imposed on preferences over all acts,
including those that may return a yet unknown consequence. The notation s ∼µ s′ is
interpreted as follows: the decision maker’s ex-ante judgement is that act µ has equally
desirable consequences on state s as on state s′.

Axiom 7 (Expansion Solvability). Given any mixed act µ ∈ H and states s, s′ ∈ S0 \ S̃,
s ̸= s′, there exists an act λ ∈ H such that µ ∼s λ and s ∼λ s′.

In Axiom 7 we start with a mixed act µ and two objective states s and s′ in which
something previously unknown is discovered. We then look for a mixed act λ for which the
residual uncertainty in s is equally desirable to that of µ and that has equally desirable
residual uncertainty in s and s′. The axiom postulates that such a mixed act exists.

It is worthwhile discussing what the assertion of existence in Axiom 7 entails. Suppose
first that µ ∈ ∆(BC), i.e. only involves known consequences. Then the existence follows
from ∆(BC)-Monotonicity (Axiom 6) and the resulting state-independent Bernoulli utility.
Thus, Axiom 7 has bite only when µ potentially reveals a new consequence. The axiom
essentially postulates that if the decision maker perceives that a particular subjective un-
known can obtain in some objective imperfectly describable state, then the decision maker
also perceives that the same subjective unknown could result from some act in any other
objective imperfectly describable state. Recall that an objective imperfectly describable
state is a non-degenerate event in the subjective state space. This event is obtained by
letting x run through all the values in Xsub. Given this relationship, Axiom 7 can be
viewed as assuming that all subjective consequences may obtain in any objective imper-
fectly describable state and at the same time imposing some state-independence in how
the subjective consequences, e.g. “something terrible” are evaluated in different objective
states.

Axiom 8 (Coherence). For any disjoint events E,G ⊆ S0 and mixed acts µ, µ′ ∈ H ,

1. µ ≿E µ′ and µ ≿G µ′ implies µ ≿E∪G µ′

2. µ ≻E µ′ and µ ≿G µ′ implies µ ≻E∪G µ′.

Axiom 8 postulates that if the residual uncertainty of µ is preferred over that of µ′

in both events E and G, then it is also the case in the combined event. Note that given
Axiom 8, Axiom 5 also implies non-triviality of the unconditional preference relation ≻.
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Axiom 9 (Separability). For all events E ⊆ S0 and for all µ, µ′ ∈ H for which µ ∼S0\E µ′,
it holds that µ ≿ µ′ ⇔ µ ≿E µ′.

Axiom 9 is a separability axiom. It concerns acts that are considered to be equally
good from an ex-ante point of view in event S0 \ E and says that the decision maker’s
ranking of such acts is given by her ex-ante ranking of the residual uncertainty of the acts
in event E.

Theorem 1 below is the main representation result. It shows that we can model a de-
cision maker who perceives multiple subjective unknowns as a generalized expected utility
maximizer, with a Bernouilli utility function over known consequences, subjective probabil-
ities over objective states, and a state- and act-dependent attitude towards the unknown.

Theorem 1. If ≻ satisfies Axioms 1 through 9, there exist functions u : C → R and
ux : (S0 \ S̃)× H → R and a probability measure π on S0 such that for all µ, µ′ ∈ H ,

∑
s∈S0

π(s)

[∑
c∈C

Ts(µ)(c)u(c) +
(
1−

∑
c∈C

Ts(µ)(c)
)
ux(s, µ)

]

≥
∑
s∈S0

π(s)

[∑
c∈C

Ts(µ
′)(c)u(c) +

(
1−

∑
c∈C

Ts(µ
′)(c)

)
ux(s, µ

′)

]
. (8)

The function u is unique up to positive linear transformations, and the function ux is
unique given the transformation of u. Moreover, the probability measure π is unique, and
π(s) = 0 if and only if s is null.

The proof of Theorem 1 is in the Appendix.

For each objective state, a mixed act µ is translated to a lottery Ts(µ) over Ĉ. The rep-
resentation evaluates that lottery by computing a generalized von Neumann-Morgenstern
utility, which evaluates all known outcomes according to the Bernoulli utility function u(·),
and evaluates the unknown objective outcome x according to the act- and state dependent
function ux(s, µ). The translation assigns probability mass 1−

∑
c∈C Ts(µ)(c), that is, the

residual probability not assigned to known outcomes, to the unknown outcome.
The function ux(s, µ) captures how the decision maker feels about unknowns potentially

arising from act µ in objective state s. It is the decision maker’s act- and state dependent
attitude towards the unknown. The state dependence arises because the decision maker
can think of act µ as resulting in different subjective unknowns in different states. If
ux(s, µ) < ux(s

′, µ), then act µ is perceived as resulting in a more adverse discovery in
state s than in state s′. The act dependence arises because the decision maker can think
of different actions resulting in different subjective unknowns. If ux(s, µ) < ux(s, µ

′), then
act µ is perceived as resulting in a more adverse discovery than µ′ in state s. If the decision
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maker perceives a single unknown, then the function ux(s, µ) is constant. In that case, acts
are evaluated as in Karni and Vierø (2017).

Since the proof of Theorem 1 applies a theorem from Skiadas (1997a), it is worth
mentioning how the present axioms relate to his. Some of Skiadas’ axioms are implied by
the present axioms. Other of Skiadas’ axioms are redundant because the present set of acts
is a mixture space. Also, because the residual uncertainty given an objective state is only
about the unknown consequences, a lot of structure is obtained from the axioms imposed
on preference over ∆(BC). Axioms 7 and 8 are inspired by Skiadas.

6 How many unknowns revisited

The decision maker in general considers a non-degenerate set of subjective unknowns among
the possible resolutions of uncertainty. The corresponding subjective state space is Ssub,
defined in (3). An objective state so ∈ S0 \ S̃ is the projection of a non-degenerate event
E(so) in Ssub. For example, in state spaces (2) and (4), E(s7) = {ss9, ss13}. The objective
consequence x in state so is the translation of (mixtures of) subjective consequences in
the subjective states in E(so). In other words, if f(so) = x, then T−1(f) may involve any
combination of the subjective unknowns in E(so).

In the decision maker’s view of the world, the proper translation of mixed acts would
be to subjective extended Anscombe-Aumann acts, given by

Fsub ≡ {f : Ssub → ∆(Ĉsub) such that f(s) ∈ ∆(C) ∀s ∈ S̃}.

They assign a lottery qs′ with support a subset of Ĉsub to each subjective state s′ ∈ E(so).
Suppose the decision maker acts as if he were an expected utility maximizer over sub-

jective states and translations Tsub of acts to subjective extended Anscombe-Aumann acts,
with subjective probabilities π̂ and utilities û : Ĉsub → R. Then we would have that the
attitude toward the unknown in (8) is ux(so, µ) =

∑
s′∈E(so)

π̂s′
∑

xi∈Xsub
Tsub(s

′)(xi)û(xi).
It will now be illustrated that while we can elicit whether the decision maker perceives

one or multiple unknowns using the test in Definition 2, we cannot distinguish how many
multiples. To see this, assume that A = {a1, a2} and C = {c}. Then the objective
conceivable state space is ĈA, given by

s1 s2 s3 s4
a1 c c x x
a2 c x c x

Suppose that the decision maker perceives three subjective unknowns x3 ≻ x2 ≻ x1. In
the corresponding subjective state space (Ĉsub)

A, consider the event

E(s2) =

{(
c
x1

)
,

(
c
x2

)
,

(
c
x3

)}
.
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Assume the decision maker translates actions to subjective state contingent acts that return
lotteries over known consequences and the three subjective unknowns and that he acts as
if he is an expected utility maximiser. For an act µ, let qs(xi) = Tsub(µ)(s)(xi). Then
the attitude toward the unknown that we observe in the objective world is ux(s2, µ) =
UE(s2) =

∑3
s=1 π̂s

∑3
i=1 qs(xi)û(xi). Since Archimedean continuity is implied by Axiom 2,

any intermediate unknown is indifferent to a mixture of the best and worst unknowns. I.e.
there exists α ∈ [0, 1] such that x2 ∼ αx3 + (1− α)x1. Hence,

UE(s2) =
3∑

s=1

π̂s[(qs(x1) + qs(x2)(1− α))û(x1) + (qs(x3) + qs(x2)α)û(x3)].

Consider instead a decision maker who only perceives of the two subjective unknowns,
x3 ≻ x1, but is otherwise identical to the previous decision maker. In the corresponding
subjective state space, consider the event

E′(s2) =

{(
c
x1

)
,

(
c
x3

)}
,

and let the subjective probabilities of the two states in E′(s2) be π′
1 and π′

3, respectively.
For an act µ, let q′s(xi) = Tsub(µ)(s)(xi) for this decision maker. Then

ux(s2, µ) = UE′(s2) = π′
1

(
q′1(x1)û(x1) + q′1(x3)û(x3)

)
+ π′

3

(
q′3(x1)û(x1) + q′3(x3)û(x3)

)
.

We see that UE(s2) = UE′(s2) for all û if π′
1q

′
1(x1)+π′

3q
′
3(x1) =

∑3
s=1 π̂s[qs(x1)+qs(x2)(1−α)].

Hence the two decision makers are indistinguishable.
By induction, a similar argument to that above can be repeated for any finite number

of subjective unknowns. Thus, due to the lack of structure of not observing the underly-
ing set of unknowns and corresponding state-contingent acts, the decision analyst cannot
distinguish behaviour when the decision maker considers m > 1 subjective unknowns from
behaviour when he considers m′ > 1 subjective unknowns, where m ̸= m′. The set of
utilities of subjective unknowns is spanned by the utilities of the very best and very worst
subjective unknowns. Thus, the decision analyst can reveal that there are multiple un-
knowns using the asymmetry test in Definition 2, but not how many. In principle, since
ux is act dependent, there may be as many subjective unknown as there are acts.

The inability of the analyst to distinguish how many unknowns the decision maker
perceives comes from the underlying subjectivity of both states and acts. When the an-
alyst models the decision maker using the objective state space and objective extended
Anscombe-Aumann acts defined on that, the analyst models both the resolutions of un-
certainty and the objects of choice coarser than the decision maker considers them. The
ability to identify how many unknowns the decision maker perceives is lost in translation.
The issue also stems from convexifying the choice set. The upside is that it is sufficient to
use two subjective unknowns to model the decision maker: The very best and very worst
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span the others. Alternatively to the usual coin-flip interpretation, a convex combination
of the very best and very worst unknowns is a proxy for the perceived attractiveness of the
unknown.

7 Discussion

This paper has argued for the importance of considering the potential for multiple subjec-
tive unknowns when the decision maker is aware of her own unawareness. It has shown
that new issues arise due to the subjectivity, which complicates modelling-steps that are
usually taken without much consideration. Part of the decision maker’s perception of the
problem is lost in translation in the objective modelling of the problem.

In standard modelling of decisions under uncertainty, the events relevant to both the
decision maker and the analysis are modelled with a state space. Consequently, the analyst
is aware of everything the decision maker is aware of and vice versa. This perspective is
broken when unawareness is studied.

With unawareness, there are different perspectives on the problem. First, there is the
decision maker’s perspective, which is given by a subjective state-space. Second, there is
the perspective of the decision theorist, who can take an abstract meta-view and envision
two state-spaces, the richer subjective space of the decision maker, and a poorer objective
space. The third perspective is that of the decision analyst, or outside observer, who is
interested in learning from choices within the objective perspective about the subjective
mental state of the decision maker. In traditional decision theory the perspectives of
the decision theorist and the decision analyst are the same. In the present context of
subjective unknowns, they differ. The decision analyst lacks the full perspective of the
decision theorist.

Thus, we are considering a decision maker, who makes choices based on her subjective
view of the world. We also have a decision analyst, who seeks to learn from the choices
of the decision maker. The present paper has taken the meta-view of the decision theorist
and provided an answer to the question of what the decision analyst can learn from the
decision maker’s choices.

The paper takes choice over courses of action as the primitive. The courses of action
are translated to objective Anscombe-Aumann acts. The axiomatic structure implies the
existence of an expected utility representation that contains an act- and state-dependent
attitude towards the unknown that captures the decision maker’s subjective perception
of discoveries that may result from choosing a particular course of action. The results
enable tractable modelling of decision makers, while at the same time allowing for different
subjective perceptions of the unknown in different situations to affect behaviour.
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Appendix

Lemma 1. If the preference relation ≻ satisfies Axioms 1 through 3, then there exists a
function V : H → R such that for all µ, µ′ ∈ H ,

µ ≻ µ′ ⇔
∑
h∈H

µ(h)V (h) >
∑
h∈H

µ′(h)V (h). (9)

Moreover, V is unique up to positive affine transformation.

Since the proof of Lemma 1 follows standard arguments, it is omitted.

Proof of Proposition 2 Fix h∗ ∈ ∆(BC). For each h ∈ ∆(BC) and s ∈ S0, let f
s
h ∈ FC

be defined by fs
h(s) = Ts(h) and fs

h(s
′) = Ts′(h

∗) if s′ ̸= s. Let f∗ = T (h∗).
Consider the mixed act µ ∈ ∆(BC) that assigns probability

1
n to h and probability n−1

n
to h∗. Since the translation mapping from ∆(BC) to FC is onto, there exists a mixed act
µ′ ∈ ∆(BC) with translation T (µ′)(s′) = 1

n

∑
s∈S0

fs
h(s

′).
By property (6), linearity,

T (µ) = T (µ′).

Thus, by Axiom 4, µ ∼ µ′. By the representation in Proposition 1, the indifference µ ∼ µ′

is equivalent to
1

n
V(h) + n− 1

n
V(h∗) = V(µ′) (10)

For p ∈ ∆(C) and f ∈ FC , let psf ∈ FC denote the Anscombe-Aumann act that
returns p in state s and agrees with f in all s′ ̸= s.

For each s ∈ S0, define Ws(·) : ∆(C) → R by

Ws(p) = V(T−1(psf
∗))− n− 1

n
V(h∗) (11)

The mixed act T−1(psf
∗) exists since the translation mapping from ∆(BC) to FC is onto.

Thus, for h ∈ HC ,

Ws(Ts(h)) = V(T−1(Ts(h)sf
∗))− n− 1

n
V(h∗) = V(T−1(f s

h))−
n− 1

n
V(h∗).

This implies that ∑
s∈S0

Ws(Ts(h)) =
∑
s∈S0

V(T−1(fs
h))− (n− 1)V(h∗).

Multiplying by 1
n on both sides yields

1

n

∑
s∈S0

Ws(Ts(h)) =
1

n

∑
s∈S0

V(T−1(fs
h))−

n− 1

n
V(h∗). (12)
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Notice that 1
n

∑
s∈S0

V(T−1(fs
h)) = V( 1n

∑
s∈S0

T−1(fs
h)) by Proposition 1, and that

T
( 1

n

∑
s∈S0

T−1(fs
h)
)
=

1

n

∑
s∈S0

fs
h = T (µ′)

by property (6). Thus, applying Axiom 4 again and combining (10) and (12) gives V(h) =∑
s∈S0

Ws(Ts(h)). Define V (h) ≡ V(h). Now, plugging into (9) in Lemma 1 gives the
result.

The uniqueness of {Ws}s∈S0 follows from that of V . To see this, define, for all s ∈ S0,

Ŵs(·) = bWs(·) + ds, b > 0.

By definition in (11), we have that for all s ∈ S0 and p ∈ ∆(C),

Ŵs(p) = b
[
V (T−1(psf

∗))− n− 1

n
V (h∗)

]
+ ds.

It follows that∑
s∈S0

Ŵs(T (h)(s)) = b
∑
s∈S0

V (hs)− (n− 1)V (h∗) + d = bV (h) + d,

where d =
∑

s∈S0
ds. Since V is unique up to positive linear transformation, V̂ = bV +

d represents the same preferences as V . It follows that {Ŵs}s∈S0 represents the same
preferences as {Ws}s∈S0 . ■

Lemma for main result

Lemma 2. If the preference relation on ∆(BC) satisfies Axioms 1 through 6, then there
exists a real-valued, continuous, non-constant, affine function U on ∆(C) and a probability
measure π on S0, such that for all µ, µ′ ∈ ∆(BC),

µ ≻ µ′ ⇔
∑
s∈S0

π(s)U(Ts(µ)) >
∑
s∈S0

π(s)U(Ts(µ
′)). (13)

Moreover, the function U is unique up to positive linear transformation, the probability
measure π is unique, and π(s) = 0 if and only if s is null.

Proof of Lemma 2 By Proposition 2,

µ ≻ µ′ ⇔
∑
h∈BC

µ(h)
∑
s∈S0

Ws(Ts(h)) >
∑
h∈BC

µ′(h)
∑
s∈S0

Ws(Ts(h)). (14)

Fix an objective Anscombe-Aumann act f∗ ∈ FC . For p, q ∈ ∆(C), let µα ∈ ∆(BC)
be such that T (µα) = (αp+ (1− α)q)sf

∗, let µp ∈ ∆(BC) be such that T (µp) = psf
∗, and
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let µq ∈ ∆(BC) be such that T (µq) = qsf
∗. These mixed acts exist since the translation

mapping from ∆(BC) to FC is onto. Consider the mixed act αµp+(1−α)µq. By property
(6), linearity of the translation mapping, T (αµp + (1− α)µq) = αT (µp) + (1− α)T (µq) =
(αp+ (1− α)q)sf

∗ = T (µα). Thus, by Axiom 4,

V(µα) = αV(µp) + (1− α)V(µq). (15)

We can therefore define Ws(c) ≡ Ws(δc) and use the usual induction argument to show
that Ws(Ts(h)) =

∑
c∈C Ts(h)(c)Ws(c). Thus,∑

h∈BC

µ(h)
∑
s∈S0

Ws(Ts(h)) =
∑
h∈BC

µ′(h)
∑
s∈S0

∑
c∈C

Ts(h)(c)Ws(c). (16)

Consider h, h′ ∈ BC and recall that BC ⊂ ∆BC . Let µβ = βh+ (1− β)h′. By (16),

V(µβ) = β
∑
s∈S0

∑
c∈C

Ts(h)(c)Ws(c) + (1− β)
∑
s∈S0

∑
c∈C

Ts(h
′)(c)Ws(c)

=
∑
s∈S0

∑
c∈C

(
βTs(h)(c) + (1− β)Ts(h

′)(c)
)
Ws(c) (17)

By property (6), T (µβ) = βT (h) + (1− β)T (h′). Thus, the right hand side of (17) equals∑
s∈S0

∑
c∈C Ts(µβ)(c)Ws(c).

Using the same steps in an induction argument implies that∑
h∈BC

µ(h)
∑
s∈S0

∑
c∈C

Ts(h)(c)Ws(c) =
∑
s∈S0

∑
c∈C

Ts(µ)(c)Ws(c). (18)

Fix a non-null s′ ∈ S0, which exists by Axiom 5. Define for each p ∈ ∆(C), U(p) =∑
c∈C Ws′(c)p(c). By Axiom 6, for any p, q ∈ ∆(C),∑

c∈C
p(c)Ws′(c) >

∑
c∈C

q(c)Ws′(c) ⇔
∑
c∈C

p(c)Ws(c) >
∑
c∈C

q(c)Ws(c) (19)

for all non-null s ∈ S0.
Thus, standard arguments imply that

µ ≻ µ′ ⇔
∑
s∈S0

π(s)U(Ts(µ)) >
∑
s∈S0

π(s)U(Ts(µ
′)), (20)

where U(Ts(µ)) =
∑

c∈C Ts(µ)(c)u(c), where u(c) = aWs(c) + b for some nonnull s ∈ S0.
Uniqueness of U follows from that of Ws. The argument for uniqueness of π and for

π(s) = 0 if and only if s is null is standard. ■
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Proof of Theorem 1 Axiom 9, together with Axioms 1 through 3, implies that there
exists a function U : S0 × H → R such that for all µ, µ′ ∈ H , for all s ∈ S0

µ ≿s µ
′ ⇔ U(µ, s) ≥ U(µ′, s). (21)

By Theorem 2 of Skiadas (1997a), Axioms 1, 2, 5, 7, and 8, together with the fact
that H is a mixture space, implies that there exists a continuous and unique additive
representation over S0 × H . Therefore, we can write V(µ) =

∑
s∈S0

U(µ, s), and we have
that

µ ≿ µ′ ⇔
∑
s∈S0

U(µ, s) ≥
∑
s∈S0

U(µ′, s). (22)

By Lemma 2, when Ts(µ) ∈ ∆(C), we can set U(µ, s) = π(s)U(Ts(µ)).
Let µq and µx be as in Axiom 9 with Ts′(µx) = Ts′(µq) ∈ ∆(C) for all s′ ̸= s, Ts(µx) = x,

and Ts(µq) = q ∈ ∆(C). By Proposition 1, µ ≻ µ′ ⇔ V(µ) > V(µ′) for any mixed acts
µ, µ′, and by Lemma 2, we can write V(µq) =

∑
s∈S0

π(s)U(Ts(µq)).
By Proposition 1,

V(αµq + (1− α)µx) = αV(µq) + (1− α)V(µx)

= α
∑
s′∈S0

π(s′)U(Ts′(µq)) + (1− α)
∑
s′∈S0

U(µx, s
′)

=
∑
s′ ̸=s

π(s′)U(Ts′(µq)) + απ(s)U(Ts(µq)) + (1− α)U(µx, s). (23)

Let U(µx, s) =
1

π(s)U(µx, s). Then the RHS of (23) equals

π(s)[αU(Ts(µq)) + (1− α)U(µx, s)] +
∑
s′ ̸=s

π(s′)U(Ts′(µq)). (24)

By property (6), T (αµq + (1 − α)µx) = αT (µq) + (1− α)T (µx). Therefore, Ts′(αµq +
(1 − α)µx) = T (µq) for s′ ̸= s, and T (αµq + (1 − α)µx)(s) = αq + (1 − α)x. The latter

is a lottery with support in ∆(Ĉ), assigning probability (1− α) to the objective unknown
consequence x. The result in (8) follows.

Uniqueness of u follows from the uniqueness of U in Lemma 2. By Archemedean
continuity, which follows from Axiom 2, for any mixed acts, µ ≻ λ ≻ η, there exists
α ∈ [0, 1] such that λ ∼ αµ+ (1−α)η. This gives uniqueness of ux(s, µ

′) given uniqueness
of U .

The uniqueness of π and the fact that π(s) = 0 if and only if s is null follow from
Lemma 2. ■
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