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Recently, there has been considerable work on stochastic time-varying coefficient models as vehicles
for modelling structural change in the macroeconomy with a focus on the estimation of the unobserved
paths of random coefficient processes. The dominant estimation methods, in this context, are based on
various filters, such as the Kalman filter, that are applicable when the models are cast in state space
representations. This paper introduces a new class of autoregressive bounded processes that decompose a
time series into a persistent random attractor, a time varying autoregressive component, and martingale
difference errors. The paper examines, rigorously, alternative kernel based, nonparametric estimation
approaches for such models and derives their basic properties. These estimators have long been studied
in the context of deterministic structural change, but their use in the presence of stochastic time variation
is novel. The proposed inference methods have desirable properties such as consistency and asymptotic
normality and allow a tractable studentization. In extensive Monte Carlo and empirical studies, we find
that the methods exhibit very good small sample properties and can shed light on important empirical
issues such as the evolution of inflation persistence and the purchasing power parity (PPP) hypothesis.
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1. Introduction

This paper introduces a new class of random time varying co-
efficient (RC) models for bounded non-stationary processes with
AR(1) dynamics and proposes kernel-based nonparametric meth-
ods for inference on the paths of the unobserved drifting coeffi-
cient processes. RC models have been widely discussed in the last
few years in applied macroeconomic time series analysis. Work has
ranged across topics such as accounting for the Great Moderation,
documenting changes in the effect of monetary policy shocks and
in the degree of exchange rate pass-through, see e.g. Cogley and
Sargent (2001, 2005b), Cogley et al. (2010), Benati (2010), Pesaran
etal. (2006), Stock and Watson (1998) and Koop and Potter (2008).
It is clear that RC models provide a de facto benchmark technol-
ogy for analysing structural change. The breadth of the previous
work means that the results of this paper have many applications.
While kernel based methods form the main approach for estimat-
ing models, whose parameters change smoothly and deterministi-
cally over time, they have never been considered in the literature as
potential methods for inference on RC models, which have been es-
timated in the context of state space model representations. While
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the theoretical asymptotic properties of estimating such processes
via the Kalman, or related filters are unclear, we show that under
very mild conditions, kernel-based estimates of random coefficient
processes have very desirable properties such as consistency and
asymptotic normality.

The crucial conditions that need to be satisfied to obtain our
theoretical results are also commonly imposed for RC models used
in applied macroeconomic analysis. These are pronounced persis-
tence of the coefficient process (usually a random walk assump-
tion) coupled with a restriction that the process remains bounded.
We formalize these conditions, in a direct intuitive way, while not-
ing that a variety of alternative bounding devices can be used.

The crucial issue of the choice of bandwidth that is perennially
present in kernel based estimation is also addressed. We find
that a simple choice of bandwidth has wide applicability and can
be used irrespective of many aspects of the true nature of the
coefficient processes. The latter may have both a deterministic
and a stochastic time varying component thus generalizing the
two existing polar paradigms. We find that kernel estimation can
cope effectively with such a general model and that the choice of
bandwidth can be made robust to this possibility.

Although we focus on a simple autoregressive form for the
model as a vehicle to investigate our estimator of the unobserved
drifting coefficient process, our results are relevant much more
widely. They apply to general regression models, multivariate
VAR-type models and can be extended to models that allow for


http://dx.doi.org/10.1016/j.jeconom.2013.10.009
http://www.elsevier.com/locate/jeconom
http://www.elsevier.com/locate/jeconom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jeconom.2013.10.009&domain=pdf
mailto:l.giraitis@qmul.ac.uk
http://dx.doi.org/10.1016/j.jeconom.2013.10.009

L. Giraitis et al. / Journal of Econometrics 179 (2014) 46-65 47

time-varying stochastic volatility which are used widely in applied
macroeconometrics.

The theoretical analysis in this paper is coupled with a extensive
Monte Carlo study that addresses a number of issues arising out
of our theoretical investigations. In particular, it confirms the
desirable properties of the proposed estimators, identified in our
theoretical analysis. For example, the theoretically optimal choice
of bandwidth is also one of the best in small samples. We illustrate
the usefulness of RC modelling in two applications that have
received attention in previous work. The first documents changes
in inflation persistence over time. The second analyses whether
changes in the persistence of deviations from purchasing power
parity (PPP) have occurred or not.

The rest of the paper is structured as follows. Section 1.1
discusses the existing literature and provides a framework for our
contribution. Section 2 presents the model and some of its basic
properties that are of use for theoretical developments. It also
contains the main theoretical results on the asymptotic properties
of the new estimator. Section 3 provides an extensive Monte Carlo
study while Section 4 discusses the empirical application of the
new inference methods to CPlinflation and real exchange rate data.
Finally, Section 5 concludes. The proofs of all results are relegated
to an Appendix.

1.1. Background literature

The investigation of structural change in applied econometric
models has been receiving increasing attention in the literature
over the past couple of decades. This development is not surprising.
Assuming wrongly that the structure of a model remains fixed
over time, has clear adverse implications. The first implication is
inconsistency of the parameter estimates. A related implication is
the fact that structural change is likely to be responsible for most
major forecast failures of time invariant models.

As a result a large literature on modelling structural change
has appeared. Most of the work assumes that structural changes
in parametric models occur rarely and are abrupt. A number of
tests for the presence of structural change of that form exist in
the literature starting with the ground-breaking work of Chow
(1960) who assumed knowledge of the point in time at which
the structural change occurred. Other tests relax this assumption.
Examples include Brown et al. (1974), Ploberger and Kramer (1992)
and many others. In this context it is worth noting that little is
being said about the cause of structural breaks in either statistical
or economic terms. The work by Kapetanios and Tzavalis (2010)
provides a possible avenue for modelling structural breaks and,
thus, addresses partially this issue.

A more recent strand of the literature takes an alternative ap-
proach and allows the coefficients of parametric models to evolve
randomly over time. To achieve this the parameters are assumed to
be persistent stochastic processes giving rise to RC models. An early
and influential example is Doan et al. (1984) who estimate an RC
model on macroeconomic time series and emphasize the utility of
Bayesian methods as a way to encode - amongst other things - the-
oretically informed views that explosive models for data ought to
have very low or zero probability. Cogley and Sargent (2005b) de-
ploy an RC model to address the question of whether it was changes
in the variance of shocks, or changes in coefficients - policy or oth-
erwise — that gave rise to the period of macroeconomic calmness
in the 90s and early 2000s, dubbed the ‘Great Moderation’. In this
work, and research influenced by it, the authors assume a random
walk process for the coefficients of the VAR model, but bound them
so that at each point in time the VAR is non-explosive. For the uni-
variate models this amounts to bounding the coefficients between
—1 and +1. This assumption is justified on the grounds that the
monetary authorities would act somehow to ensure that inflation

was not explosive. A main point of Cogley and Sargent (2005b) was
to respond to criticisms of earlier work (Cogley and Sargent, 2001)
that had found evidence of changes in coefficients but without
allowing for changes in volatilities, thus potentially biasing their
findings in favour of documenting structural change in VAR coef-
ficients. They find evidence of change in the coefficients of the in-
flation process despite the inclusion of time-varying volatilities. In
subsequent work, Cogley et al. (2010) used the same model to in-
vestigate whether there had been significant changes in the persis-
tence of inflation (more precisely the gap between inflation and its
time varying unobserved permanent component) during the Great
Moderation, using the same RC tool. Other examples of the use of
this RC tool abound. Benati and Surico (2008) estimate a similar
VAR model for inflation and use it to infer that the decline in the
persistence of inflation is related to an increased responsiveness
of interest rates to deviations of inflation from its target. Mum-
taz and Surico (2009) estimate an RC model to characterize evo-
lutions in the term structure and the correspondence of changes
therein with the monetary regime. Benigno et al. (2010) estimate
a VAR with random walks in the propagation coefficients involv-
ing productivity growth, real wage growth and the unemployment
rate and find that increases in the variance of productivity growth
have a long run effect on the level of unemployment. Researchers
have also debated some of the difficulties with the approach. For
example, Stock and Watson (1998) discuss how maximum likeli-
hood implementations tend to overstate the probability that the
variance of the shock to coefficients is low or zero; Koop and Potter
(2008) discuss the difficulty in imposing inequality restrictions on
the time-varying autoregressive coefficients, particularly in large
dimensional applications and note that it can be hard to find pos-
terior draws that satisfy such conditions.

While the above account gives a clear idea of the current state
of the relevant econometric literature, the economic justification
of RC models, whose parameters evolve as bounded random walk
processes, merits an additional comment. On a practical level,
these models are now widely used by empirical macroeconomists.
The economic reason for their attractiveness is well explained in
the discussion in Cogley and Sargent (2001), who pointed out that
fluctuations in parameters of a reduced form economic system
may result from evolving beliefs of the policymaker leading to the
evolving policy rules. The evolution in beliefs itself is a potential
product of the interaction of model misspecification by policymak-
ers and the effects produced by the policy itself, in the economy.
Cogley and Sargent (2001) refer to the seminal paper by Lucas
(1976), who noted that the practice of macroeconometric mod-
ellers of introducing intercept corrections (discussed also in Cooley
and Prescott (1973)), may ignore the risk of misspecification due
to using a model detached from macroeconomic theory. In Lucas
(1976), the author describes how pursuing a policy based on an ini-
tial estimation of an atheoretical model would result in time vary-
ing reduced form econometric coefficients (not just in intercepts,
but more generally). The subsequent work by Sargent (2001) (and
later work by Cogley and Sargent (2005a) and Sargent et al. (2006))
was an attempt to describe post war history as the result of a per-
petual repetition of the mistakes (or perpetual ‘learning’) described
in the Lucas Critique paper. In summary, the evolution of beliefs
and time varying policy in a stochastic economy, may explain why
reduced form VAR parameters may evolve themselves as stochas-
tic processes over time. Clearly, the above justification of stochas-
tically varying coefficient models is only one possibility. Equally,
time variation may arise because of evolving cultural norms or be-
haviours, of any agent in the economy, providing a number of other
possible avenues for the motivation of RC AR modelling discussed
in our work.

A particular issue with the use of such models is the relative
difficulty involved in estimating them. As the focus of the analysis
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is quite often the inference of the time series of the time-varying
coefficients, models are usually cast in state space form and
estimated using variants of the Kalman filter. More recently, the
addition of various new features in these models, such as time-
varying variances for the error terms, has meant that the Kalman
filter may not be sufficient and a variety of techniques, quite often
of a Bayesian flavour, have been used for such inference.

Yet another strand of the vast structural change literature
assumes that regression coefficients change but in a smooth
deterministic way. Such modelling attempts have a long pedigree
in statistics starting with the work of Priestley (1965). Priestley’s
paper suggested that processes may have time-varying spectral
densities which change slowly over time. The context of such
modelling is nonparametric and has, more recently, been followed
up by Robinson (1989, 1991), Dahlhaus (1997), and others, some of
whom refer to such processes as locally stationary processes. We
will refer to such parametric models as deterministic time-varying
coefficient (DTVC) models. A disadvantage of such an approach is
that the change of deterministic coefficients cannot be modelled or,
for that matter, forecasted. Both of these are theoretically possible
with RC. However, an important assumption underlying DTVC
models is that coefficients change slowly. As a result forecasting
may be carried out by assuming that the coefficients remain at
their end-of-observed-sample value. The above approach while
popular in statistics has not really been influential in applied
macroeconometric analysis where, as mentioned above, RC models
dominate. Kapetanios and Yates (2008) is an exception, using DTVC
models to revisit the study of the evolution of inflation persistence,
in Cogley and Sargent (2005b). Finally, it is worth noting the work
of Muller and Watson (2008) and Muller and Petalas (2010) who
also examine structural change and consider both deterministic
and stochastic versions for the time-varying parameters.

While both approaches can be used for the same modelling
purposes, the underlying models have very distinct properties and
have been analyzed in very distinct contexts. As we noted in the
introduction, this paper uses the kernel approach to carry out
inference on RC models.

2. The model and its basic properties

2.1. The model

In this section we introduce a class of autoregressive models
driven by a random drifting autoregressive parameter p;, that
evolves as a non-stationary process, standardized to take values in
the interval (—1, 1). We also allow for a random drifting intercept
term in the model.

Such an autoregressive model aims to replicate patterns of
evolution of autoregressive coefficients that are relevant for the
modelling of the evolution of macroeconomic variables such as
inflation. Such AR models have been extensively discussed in the
recent macroeconometric literature, see e.g. Cogley and Sargent
(2005b) and Benati (2010). Our objective is to develop a suitable
statistical model that allows estimation and inference.

The limit theory for stationary autoregressive models with
non-random coefficients is well understood. For AR models with
time-invariant coefficients it was developed by Anderson (1959)
and Lai and Wei (2010). Phillips (1987), Chan and Wei (1987),
Phillips and Magdalinos (2007) and Andrews and Guggenberger
(2008) extended it to AR(1) models that are local to unity. A
class of a locally stationary processes that includes AR processes
with deterministic time-varying coefficients was introduced
by Dahlhaus (1997). Estimation of such processes was discussed
in Dahlhaus and Giraitis (1998). In this paper, we develop an AR(1)

model with random coefficients, which encompasses stationary and
locally stationary AR(1) models. The simplest case of a random
coefficient process is a driftless random walk.

We consider the AR(1) models

2.1)
(2.2)

Ye = Pr—1Ye—1 + U,

Y=o+ pYe1+u, t=1,2,...,

with a drifting random coefficient p;, a random intercept «; and
initialization yo, where {u;} is a stationary ergodic martingale
difference sequence (m.d.s.) with respect to some natural filtration
Ft and py, a; are F; measurable, i.e. E[uy1|F:] = 0and E[p¢| %] =
or. For example, in (2.1), one can set % = o {u;, pj, j < t}.

The literature on locally stationary AR(1) processes assumes
that coefficients u; and p; are smooth deterministic functions.
Then, y; behaves locally as a stationary process, which has differ-
ent theoretical properties compared to AR processes with random
coefficients. Moreover, the model (2.2) contains an additional pa-
rameter of interest, a random persistent attractor, see Section 2.3.
Specification of p; requires additional structural assumptions. In
applied literature, it is often assumed that po; is a rescaled random
walk which is a stringent restriction.

In this paper we assume that p; is given by

a
t >0, (2.3)

Pt =P >
max |ay|
0<k<t

where the stochastic process a; determines the random drift, and

p € (0, 1),! restricts p, away from the boundary points —1 and 1.

Both a; and p are unknown, and p; € [—p, p] C (=1, 1).

We split a; = {a; — Ea;} + Ea, into a random part {a; — Ea;}
and the non-random mean Ea,. We shall assume that p, combines
deterministic and random components. The most novel case is
Eat = O

To enable inference about p;, we need the following assump-
tions on p¢, Yo, Us and a;.

Assumption 2.1. (i) The random coefficients p;, a;, t =0, ..., n
are #; measurable; Eag < oo, Eyg < oo and Euj < oc.
(ii) The process v; := {a; — Ea;} — {a;—1 — Ea;_¢},t =1,...,n

is stationary with zero mean and finite variance.

Part (ii) implies that a non-stationary process a, with Ea; = 0 is
a partial sum of shocks v;:

@ =ao+vi+- .

The popular empirical choice of a; is a driftless random walk
with i.i.d. first differences, v, see, e.g., Cogley and Sargent (2005b).
In addition, if v; has 2 + § finite moments, then the process
aren, 0 < T < 1 converges weakly in Skorokhod space D[0, 1]
to a standard Brownian motion B :

—1/2 2
n / Qren] = D[0,1] UUBT, 0<t<l1.

In this paper, v;'s are allowed to be dependent. The only
assumption on a; is the weak convergence of a renormalized
process dj;, to some non-degenerate limit process, which may
differ from the standard Brownian motion B;, and may be even
non-Gaussian.

Assumption 2.2. There exists y € (0, 1) such that
0<t<l,

N Qjen) = pjo,n We + (1), (2.4)

1 The results of this paper remain valid also for negative p € (—1, 0) in (2.3).
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where (W;, 0 < 7 < 1) is zero mean random process with finite
variance, Wy has continuous probability distribution, and g(7) is a
deterministic continuous bounded function. Moreover,

1"V (pen) — Eageny) = ppo,1 We,

0<t<1,

1<k<t.

_ (2.5)
n yEa[rn] - g(r),

|Ea; — Eagyi| < CKV,

Remark 2.1. Assumption 2.2 is satisfied by the sum process a; =
v1 + - -+ 4+ v where

o0 (o]
Y=Y Wk =0, Y v <oo, (2.6)
k=0 k=0

is a linear process with stationary ergodic m.d. innovations &,
E¢? < oo, under a minimal additional condition that

n
Var(a,) = Var <Z vj> ~ Cn¥, forsomey € (0, 1). (2.7)
=1

In Theorem 3.1 of Abadir et al. (forthcoming) it is shown that
(2.6) and (2.7) imply the weak convergence n™" aj-n) = pjo,1] (Wr,
(c > 0), to a standardized fractional Brownian motion W,, as
long as E|1|P < oo for some p > max(1/y, 2). Assumptions
(2.6) and (2.7) are satisfied by stationary ARMA(p, q) processes
with y = 1/2 and by ARFIMA(p, d, q), |d| < 1/2 processes with
y = (1/2) 4+ d. Stationary seasonal long memory GARMA(p, d, q)
processes vj, whose spectral density has an infinite peak at a fre-
quency w # 0, also satisfy (2.6)and (2.7) with y = 1/2, see Section
7.2.2 of Giraitis et al. (2012).

Remark 2.2. The above setup and assumptions are designed to
guarantee persistence and boundedness, which are the two main
properties of the stochastic coefficient process p; and the intercept
a;. It is worth briefly commenting on how they lead to our results.
Boundedness is essential in avoiding explosive behaviour for y;
while persistence is needed to enable estimation of the unobserved
pr and o; by local averaging. These properties are repeatedly
employed in the proofs. Their use is particularly apparent in
Lemma A.1 which is the main building block of the proofs of our
major results in Sections 2.2-2.4.

Under Assumption 2.2, the coefficient process p;, as n increases,
behaves as a rescaled limit process W, of (2.5):

Pl =0 PWP, VT € (0, 1),
wP = (W, +8(0)/ sup Wi+ ().
<x<7

In particular, W, can be standard or fractional Brownian motion.
Then pp,;; evolves around pg(t), and can take any value in
the interval [—p, p]. Below —p and —, denote convergence in
distribution and probability, respectively, =p indicates equality
of distributions, whereas [x] denotes the integer part of a real
number X.

Example 2.1. Atypical example of a process a;, satisfying Assump-
tion 2.2 with the parameter 0 < y < 1, is

a={vi+---+uv}+trx (2.8)

hi+---+h;

: )
where vj’s are stationary zero mean r.v.’s and h; are non-random
numbers such that max; |hj| < oo. It has the stochastic part z;
= a — Ea; = vi + --- + v, and the mean Ea; = t¥g, where
g = (hy 4+ --- 4+ hy)/t, which satisfies |Ea; — Ea;y| = |tV gk

— (t + k)7gk] < Ck¥,for 1 < k < t.Then, a; satisfies As-
sumption 2.2, if 177 zZjzpy =pjo.1 Wr, 0 < v < 1, and n™7Eap;n =
n~Y[tn]’g([zn]/n) — tVg(7).

Such a; has asymptotically non-diminishing random and deter-
ministic components. For weakly dependent v;’s, one sets y = 1/2
and a; = z + t'/?g,. This setting also allows to generate non-
random coefficients p; used in modelling of locally stationary pro-
cesses.

Parametric random coefficient. Example (2.8) suggests a simple
parametric model for an AR(1) random coefficient,

t
Y+ 12
k=1

j
c Y ug+jir2
k=1

pr=p , t>1, po=p, (2.9)

max
1<j<t

driven by the same m.d. noise u; as in AR model (2.1), with
parameters p and c. If ¢ = 0, then p; = p; ifc — o0, then o =
,O(Zf(z1 ug)/(Maxq<j<¢ | Y 4— tx|) becomes purely random, while
for a finite ¢ > 0, p, combines random and deterministic patterns.

Remark 2.3. To restrict p; in the interval [—p, p], we use the nor-
malization p; = p a;/ MaxXo<k< |ax|. The normalization p; = p a;/
Maxo<k<n |akx| could also be used, and would simplify technical
derivations but at the expense of an assumption of independence
between p; and u,. Another popular implicit standardization used
in the applied macroeconometric literature is

_Ja—iHv, if |+ vl <o
Pe=1p, otherwise.

The question of how best to restrict p; is open. Usually in the
macroeconometric literature the restriction is based on computa-
tional convenience without discussing the properties of the result-
ing model, and what is the best way to restrict the process p; from
an economic point.

Remark 2.4. The paper narrows its interest to the AR(1) time-
varying random framework and identifies conditions that allow
rigorous inference on it. It shows that kernel estimation and infer-
ence extends to coefficients composed of time varying random and
deterministic parts. Such a finding is neither intuitively obvious
nor has a trivial formal justification. Establishing the AR(1) frame-
work opens the possibility for a general inference theory for AR and
VAR models that may possess time-varying variances. To illustrate
a flavour of such extensions we briefly outline some frameworks
used in macroeconomic applications and ways in which these can
be adapted to our setting.

(1) Time varying AR(p) model
p

Ve = Zpt—l,iJ’t—i +u, t>1,
i=1

can be defined using the bounding condition
Ay i
Pri=p——F

max Ay i
05k§t§| k,1|

t>1, (2.10)

where 0 < p < 1, and each {a;;},i = 1, ..., p are independent
versions of the a; process used above. Under these restrictions the
maximum absolute eigenvalue of the matrix

Pt1 Pt2 0 Ptp
I R (2.11)
0 --- 1 0
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or its spectral norm [|A¢||sp, are bounded above by one, for all t. This
requirement on the companion matrix in (2.11) plays a similar role
to standardization of a; in (2.3) and is reminiscent of the standard
stationarity condition for fixed coefficient AR(p) models.

(2) Time Varying VAR(1) model is given by

Y=V 1y t+u, t>1,

where y; is an m-dimensional vector and ¥;_; = [, i,j =
1,...,m]. The necessary bounding can be implemented by
defining, similarly to (2.10),
at71,.,
Y1 = pm7u7
max y_ |a_1j

1<i<t i—1

J

t>1,

where0 < p < 1,and a; jj = a;—1 jj+v; jj, where v, ;; are zero mean
m.d. sequences with finite variance. This ensures that the maxi-
mum eigenvalue of ¥;_, is bounded from above by one in absolute
value. A third extension concerns modelling the conditional vari-
ance of the error term u, of an AR model via time varying persistent
processes that can be estimated using kernel estimation methods.
The latter extensions show the great scope for adapting the sug-
gested framework to the needs of empirical researchers in applied
macroeconometrics, and are current topics of research by the au-
thors.

2.2. AR(1) model with no intercept

In this section we consider the AR(1) model y;, (2.1), with no
intercept.

2.2.1. Basic properties of y;

In this subsection we investigate the structure of y, and the
properties of its covariance function. To write y; as a moving
average of the noise u;, define the (random) weights

co=1, cj=p-1-p— 1=Zj=<t.

Note that

leejl <0/ 1<j=<t. (2.12)
The next theorem describes the basic properties of an AR(1) pro-
cessy;, t =1,...,n,(2.1), with no intercept.

Theorem 2.1. Under Assumption 2.1, the process y; of (2.1) has the
following properties.

(i) y¢ can be written as

t—1

Yo=Y cojesj+cyo, =1 (2.13)
j=0

(ii) The second and fourth moments satisfy

Ey? <2(1 = p)"%(c? + Ey?),

V: <2(1—=p) (o + Eyp) (2.14)

Ey? < 4(1— p)~*(Eu} + Eyp).

The next theorem shows that y, can be approximated by a
truncated AR(1) process with an AR coefficient o,

t—1
K
zi(pg) = Zpt‘ut,k, t>1,
k=0

(2.15)

and establishes the properties of the autocovariance Cov (Y4, yt),
ast — o0.

Theorem 2.2. Suppose Assumptions 2.1 and 2.2 are satisfied. Then,
ast — oo,

Ye =2ze(pr) + 0p(1), Eyr — 0. (2.16)
In addition, if p;’s, u;'s and yo are mutually independent, then
Elyyer] = ogElpf(1 = pP) "1+ o(1),

t— oo, Vk >0, (2.17)
|Cov(ye, yeri)| < (1 = p*) 7N (o7 + Eyp),

Vt>1,k>0. (2.18)

2.2.2. Estimation and inference

In this section we construct a feasible estimation procedure for
a path of the drifting coefficient process p;, based on observations
Y1, ..., ynof an AR(1) model (2.1) with no intercept. The proposed
estimate of p; can be written as a weighted sample autocorrelation
atlag 1. Under Assumptions 2.1 and 2.2, it is consistent and asymp-
totically normally distributed. Computation of standard errors is
straightforward and accommodates a martingale difference noise
u;. The method allows the construction of pointwise confidence in-
tervals for the drifting coefficient p; under minimal restrictions.

Let H = H, be a sequence of integers such that

H = o(n). (2.19)

The parameter p; can be estimated by the moving window
estimator
t+H

Y ViV
k=t—H

t+H

> Vi

k=t—H

H — oo,

Pt =

which is a local sample correlation of y,’s at lag 1, based on 2H + 1
observations y;_y, ..., Y+y. This estimate belongs to a general
class of kernel estimators considered in this paper. We will analyse
properties of estimates

n

> Ky
A~ k=1
P =,

’; K(%")y@l

(2.20)

where K(x) > 0, x € Ris a continuous bounded function (kernel)
with a bounded first derivative such that f K(x)dx = 1,

K(x) =0 ™), 3c>0,
(x)=0(""), Fc> (221)
(d/dx)K (x)| = O(|x| ), x — oo.
Examples of K include
K(x) = (1/2)I(]x| < 1), flatkernel,

K(x) = 3/49(1 = x)I(x| < 1)
K(x) = (1/+/27)e /2, Gaussian kernel.

The flat and Epanechnikov kernels have a finite support, whereas
Gaussian kernel has an infinite support. The above kernels satisfy
(2.21).

Next we discuss consistency and the asymptotic normality of
the estimator p, , of (2.20). Denote for 1 < t, k < n,

t— k 2 - 2
by ==K (T) s Oy = thkkap
k=1

n

~2 _§ : 2.2 2

O‘Yuﬁt - btkyk—luk'
k=1

Epanechnikov kernel,

(2.22)
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To establish the asymptotic normality of p, ., we will need the
conditional variance V; = E [ujz|uj,1, Uj_p, ...] of the stationary
noise u; to be bounded away from 0O:

Vi = E[|up,u_y,...] > ¢ >0, 3Ic>0. (2.23)

This assumption is not restrictive and satisfied, for example, by
ARCH type white noises. Clearly, it holds when u; is ani.i.d. process.

Notation: we set H = H, if the kernel K has finite support, and
H = Hlog'/? H, if the kernel K has infinite support.

Theorem 2.3. Let yq, ..., y, be asample from the AR(1) model with
no intercept, (2.1), and t = [nt], where 0 < t < 1 s fixed. Assume
that Assumptions 2.1 and 2.2 hold with some y € (0, 1), and H and
K satisfy (2.19) and (2.21), respectively.

(i) Then,

Pne — pr = Op((H/n)” +H™V/?). (2.24)
(ii) In addition, if u, satisfies (2.23) and H is such that (I:I/n)V =
o(H™1/?), then

Ove [

=2 (P = pc) >p N, ).
Oyu,t

(2.25)

In particular, for y > 1/2, (2.25) holds, if H = o(n"/?/log'/* n).

Observe that studentization in (2.25), adjusted to accommodate
a martingale difference noise u, is different from the one used in
the i.i.d. case.

Corollary 2.1 implies that the random normalization 6y , /Gy,

in the normal approximation (2.25) yields the /H rate of conver-
gence.

Corollary 2.1. Under assumptions of Theorem 2.3(ii),
~2

lof
L = HY2¢,(1 + 0,(1)),
Oyu,t

where ¢ < ¢; < ¢y, for some finite constants c{, ¢c; > 0.

The above corollary is a direct implication of the results of
Lemma A.2. The next corollary shows that studentization in (2.25)
becomes operational using residuals il; = y; — pryj_1. Let 8}2@[ =

n 2.,2 132
2 e by

Corollary 2.2. Under assumptions of Theorem 2.3(ii),
G

L (n = o) =0 N(O. 1.

Ovu,t

Remark 2.5. The consistency of the estimator p, ; is guaranteed
by the persistence of the process p¢, or by stochastic or determin-
istic trending behaviour of the process a;. The main restriction on
a; is the weak convergence n~" aj;n; —>pjo,1] W + g(7) for some
0 < y < 1 where y does not have to be known. The main ex-
ample for a; is a fractionally integrated process a; ~ I(d), 1/2 <
d < 3/2, discussed in Remark 2.1. It satisfies Assumption 2.2 with
y = d — 1/2. When y is close to 0, the pattern of trending be-
haviour of a; and the consistency rate in (2.24) deteriorate. For a
stationary process a;, the above estimation of p; is not consistent.
It is practical to choose H = o(n'/?), leading to an asymptotic nor-
mality (2.25) for 1/2 < y < 1.In particular, y = 1/2 corresponds
to a unit root process a; ~ I(1).

©
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Fig. 1. Realizations of p;, D, and 90% confidence intervals for p, for the normal
kernel.

To give an idea of the nature of the pointwise confidence
intervals, implied by Theorem 2.3, we include Fig. 1 showing a
realization of p; based on a random walk model for a sample size
of 500, its estimate p,  based on a normal kernel and a bandwidth
H = ./n, and 90% confidence intervals. The process p; is well
tracked and the point-wise confidence band contains p; most of
the time (for 92.8 of t’s).

We complete this section describing properties of the weighted
sample meany; = (Z}Ll by /(3% be) of an AR(1) model with
no intercept. By Theorem 2.2, Ey; — 0, ast — oco. We will show
consistency of the estimate y; —, 0 and establish its normal ap-
proximation. We also obtain for y, the martingale approximation
(2.26) that resembles the well-known result for stationary linear
processes, based on Beveridge-Nelson decomposition, see Phillips
and Solo (1992).

Let Bye == Y p_y bu B3, = Yy b, and &y = B Y1, byu;.

Proposition 2.1. Let y, satisfy assumptions of Theorem 2.3(i), and

H = o(n). Then,

o= (1= p) i + Op((/m)? +H™Y),

! 2.26
Ve = Op((H/”)V + Hil/z)’ | |
o P S p N, 1), if (/) = o(H ). (2.27)
By oy

2.3. AR(1) process with a persistent random attractor

We showed that an AR(1) model y, with no intercept has
asymptotically negligible mean, Ey;, — 0,ast — oo, see (2.16).
Next we extend this model by adding a persistent term ., which
in fixed coefficient AR models plays the role of the mean.

We decompose y; = u; + (¥ — u¢) into a persistent (random)
term i, which we refer to as the attractor and a dynamic compo-
nent y; — u;, that evolves as an AR(1) process (2.1):

Ve — e = Pr—1We—1 — Me—1) + U, =10 (2.28)

This model can also be written as an AR(1) process y; = o; +
Pi—1Ye—1 + Uy with the intercept oy = ¢ — Pr—_1M¢—1. As seen
below, although the attractor u, can be estimated, in general, it
cannot be interpreted as the mean Ey;.

To make decomposition (2.28) meaningful, a random process /i,
has to be persistent, so that both u, and p; can be extracted from
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thedatay, ..., y,. We assume that x, is bounded in the sense that
max; E,uj2 < 00.To evaluate u,, p and a;, we use estimates

n n
,Z; by > bWk — o) W1 — ¥o)

- J= A~ k=1

Ye = n s Pn,t = n ’

_ 2.29
> by > baWr—1 — 31)? (2.29)
j=1 k=1
= )_’t - ﬁn,t}_’b

Remark 2.6. The processy; of (2.28)is bounded, i.e. max; Eyj2 < 00.
The latter implies

maxP(lyjl > ¢) < c? m.axEyj2 — 0, ¢— oo.

j j
To verify boundedness, notice, that Ey? < 2Eu? + 2E(y; — ;).
According to (2.28), y; — u; follows AR(1) model with no intercept,
and therefore by (2.14), max; E(y — i¢)*> < co. Hence, max; Eyj2
< o0.

The next assumption describes a class of processes u; allowing
estimation of u; and p;.

Assumption 2.3. The attractor i is ¥; measurable, max; E ;L]‘.‘ <
00, and satisfies either (i) or (ii) for t > 1,1 < h < t/2 with some
B € (0, 1]and C < oo.

() E(ue — peri)® < C(k/)*P, 1 <k < h.

(ii) e — pesk = m(t, k) + m(t, k), where Em?(t, k) < C(k/t)*,
1 <k < h,and max; << [(t, k)| = Oy ((h/t)f +h71).

Example 2.2. Atypical example of 1., satisfying Assumption 2.3(i),
is
+o) + 7 (-

we=tP +--- + hy),

©0<B<1), (2.30)

where vj’s are stationary zero mean r.v.’s such that E(vy 4 - -- +
vk)? < Ck?#, and hy’s are non-random numbers, max; [h;| < oo. It
covers the case of a deterministic constant mean p; = t~'(u +

-+ 1) = u, atime varying mean p, = g(t/n), and the case of
a purely random attractor p; = t~/? Z;:] vj, where v;'s are i.i.d.
random variables. An attractor, u;, satisfying Assumption 2.3(ii),
arises in an AR(1) model with intercept, see Section 2.4. Assump-
tion 2.3(i) is a subcase of (ii).

The next theorem establishes consistency rates and asymptotic
normality of estimates of the parameters ., p; and «,. It assumes
B > y, which means that the attractor p, is more persistent than
pr. We use notation 6y, , = >y buy,>, and 67, = D i, by
y;2 u where y, = yx — ik, k > 1. By, and By, are the same as in
Proposition 2.1. Below notation a, < b, means that a,/b, = 0,(1)
and b, /a, = 0,(1).

Theorem 2.4. Let y1, ..., Y, be a sample of AR(1) model with an
attractor, (2.28), and t = [nt], where 0 < t < 1is fixed. Assume
that H and K satisfy (2.19) and (2.21), a; satisfies Assumptions 2.1 and
2.2 with parameter 0 < y < 1, and . satisfies Assumption 2.3 with
parameter B > y.

(i) Then, with i, == (H/n)Y + H=Y2,H = o(n),

Ve — e = Op(’(n)» ﬁn,t — Pt = Op(Kn)’

—~ (2.31)
Qnt — 0 = Op(Kn)-

(ii) Moreover, if (H/n)¥ = o(H~"/?), (2.23) holds and E|u;|*"® <
oo for some § > 0, then

By Oy !

52,

— 1te) —>pN(0, 1),
(2.32)

=L (B = ) =oNO, 1),
UY’ut

By
(ozm —oe[) —pN(0, 1),
B¢

2
sgzgy( uusz?~

In addition, By, /By < H'? and By, /B3 < H'/?.

Studentization in (2.32) becomes operational by replacing u;’s
with the residuals iy = yx — Pe¥i—1 — &, k > 1. Set 6?;& =

noopaso n ~2 N _
Zk: tkyk Zk:] btkykfp where Yk =Yk — Y-

Corollary 2.3. Let assumptions of Theorem 2.4(ii) hold. Then

and oA

o~ 3/2
1= e /2 B
| === G, — pe) —pN(O, 1),
1+ one Byt 0y
. ' (2.33)
Ox
Y.t

“ (P — o) >N, ),

O9ae

B
L (am —oct) —pN(0, 1),

By
n 2
:Zbﬁj< YtAz Vj—1— J_/t)) i
=

Yt

We showed, that an AR(1) process y; defined by an attractor
¢ and an AR(1) dynamics o, is bounded and allows extraction of
e and p; together with their confidence bands. The results of this
section present a useful tool for inference, analysis and modelling
of dynamics of bounded non-stationary processes.

To justify the attractor terminology, we include Fig. 2 which
shows the plots of y; and u,, based on bounded random walk
models for p; and ., for a sample size of 500, the plot of the
estimate y; obtained using a normal kernel and a bandwidth H =
+/n, and 90% confidence intervals for . It shows that the process
¢ is well tracked and the point-wise confidence band contains the
true process most of the time (for 85.4% of t’s).

2.4. AR(1) model with intercept

Next we discuss an AR model

Ve =0+ pr—1Ye—1+ U, t =1, (2.34)

with a persistent intercept «,, where p; and u; are as in (2.1).
Similarly as in (2.13), y; can be written as an AR(1) model

t—1
Yo = pe—1Ye—1 +{a +u} = :th,ia[—i}

i=0

t—1
+ {Z Ce,ille—i + Ct.t.VO} = WUt +.V/p (2.35)
i=0
with attractor 1, where y; is an AR(1) process with no intercept,
Vi = pe-1¥p_q + U £ > 1,55 = yo.

Estimation of this model reduces to that of a model with
a persistent attractor, discussed in Section 2.3. The following
assumption describes a class of permissible processes «; allowing
inference.
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Fig.2. Realization of 1, ¥, y: and 90% confidence intervals for ;¢ using the normal
kernel.

Assumption 2.4. The process «; is ; measurable, max; Eonfl < 00,
and for some 8 € (0, 1], E(o; — arp)> < C(k/D)?P, t > 1,
1<k<t/2

A standard example of a process «; satisfying Assumption 2.4
is provided in (2.30). Under Assumption 2.4, the corresponding
attractor . in (2.35) satisfies Assumption 2.3:

Proposition 2.2. Suppose that y; is an AR(1) process (2.34), where

pe is generated by a; that satisfies Assumptions 2.1 and 2.2 with

parameter y, and «; satisfies Assumption 2.4 with parameter 8 > y.

Then w. in (2.35) satisfies Assumption 2.3(ii) with 8 = y.
Moreover, ast — oo,

pe = (1= p)~ e + 0p(1). (2.36)

Since yu, satisfies Assumption 2.3, estimates &y ¢, on.r and y, of
parameters «;, p; and u, of this model have properties described
in Theorem 2.4 and Corollary 2.3.

Relations between the attractor u; = Zf;(} Ctictr—i and the
intercept oy = u: — pr—1M¢—1 indicate that persistence in ¢
generates persistence in the intercept «; and vice versa.

3. Monte Carlo study

In the following Monte Carlo simulation we study the small
sample performance of the kernel estimator of a random AR(1) co-
efficient process, for the sample size n = 50, 100, 200, 400, 800,
1000. In the first set of simulations we generate data by AR(1)
model (2.1) with no intercept

Ve = pPr—1Ye—1+ U, t>1

using restriction p; = pd;/ MaxXo<j<; |a;|, which bounds p; be-
tween —p and p. We set p = 0.9. The differences a;—a;_1 = v, are
modelled by stationary AR(1) and long memory ARFIMA processes.

To estimate p;, we use a two-sided normal kernel estimator. The
bandwidth H is set to take values n*, « = 0.2,0.4,0.5,0.6, 0.8.
The value @ = 0.5 corresponds to the closest value to the optimal
bandwidth, minimizing the mean square error E(pn ¢ — p)? in
pointwise estimation. The global performance of the estimator
is evaluated by the average value of the mean squared error,
MSE := n~ 'Y 1, (Pnc — p¢)?, computed using 1000 Monte-Carlo
replications.

Table A.1 reports the average MSE and 90% coverage probabil-
ities (CP) for the normal kernel estimate when v, follows a short
memory AR(1) model v; = ¢v;_1 + &, where ¢ is set to take val-
ues 0, 0.2, 0.5, 0.9, and &; is a standard normal i.i.d. noise. Here, a;
is an I(1) (unit root) process, and satisfies (2.4) with y = 1/2.1t
is evident that, for ¢ = 0 and “optimal” bandwidth H = n®>, the
average MSE falls substantially with the sample size. This band-
width choice is best in terms of MSE. For coverage probabilities
we observe that a slightly lower bandwidth value of H = n%# is
best.

The presence of short memory dependence in v; does not seem
to affect the estimator adversely. If anything, the performance of
the estimator improves slightly as v; becomes more persistent.

Table A.2 reports the average MSE and 90% coverage probabil-
ities of a normal kernel estimation of the model y;, when v; is a
stationary long memory ARFIMA process (1 — L)~ 'v, = &, and &,
is the standard normali.i.d. noise. The parameter d is set to take val-
uesd = 0.51,0.75, 1.25, 1.49. The process a; is a non-stationary
integrated I(d) process, satisfying assumption (2.4) with parame-
ter y = d — 1/2, taking values y = 0.01, 0.25, 0.75, 0.99, and
the persistence of a; increases with d. We clearly see the familiar
patterns observed for a short memory v, whereby larger values of
d and y, lead to stronger persistence in a; and improved quality of
estimation and inference for p;, as suggested by the theory.

The simulation analysis above was focused on the AR(1) model
y¢ with i.i.d. errors u; and no intercept. In addition, our theory
allows for a model

Y=o+ paYe1+u, t>1

with time varying intercept «,, and for a general martingale differ-
ence noise u,. The second set of simulations illustrates the small
sample properties of estimators &y ¢, On,r and y;, under martingale
difference noise u;. The same set of bandwidths and the sample
sizes is used as before, and p; is defined as before setting p = 0.9.
We set the time varying intercept to be a bounded random walk
a; = t7Y2)"_, ;, generated by another standard normal i.i.d.
noise 7;. To analyse the impact of heteroscedasticity of the noise u;
on estimation of p;, we consider two heteroscedastic specifications
of u;:

(a) GARCH(1, 1) m.d. noise u; = &, where 62 = 1+ 0.25u2_, +
0.2507 ,,
(b) stochastic volatility m.d. noise u;, =
O.7h[—] + Et.

In (a) and (b), & is set to be a normal i.i.d. noise and the
resulting u, process is normalized to have unit variance. Table A.3
reports the average MSE and 90% coverage probabilities of the joint
estimation of the parameters «;, p; and u, of the model y;, using
the normal kernel. A consideration of Table A.3 suggests that the
estimator of p; is not affected by the presence of the intercept,
and the estimators of «; and u, follow similar patterns to that of
pr, albeit with different absolute levels for the MSEs. It is evident,
that heteroscedasticity may increase MSE and, therefore, needs
to be accounted for in the studentization, see e.g. (2.25), but in
general, it does not affect estimation, as suggested by our theory.
The coverage probabilities suggest that the estimated confidence
intervals are satisfactory for p, ¢, y; and a;, ;.

exp(h—1)e, hy =

4. Empirical application

In this section we use the kernel estimator to provide
new evidence for two debates that have attracted considerable
attention in empirical macroeconomics. These debates relate to the
time-varying persistence of inflation and the validity of the PPP
hypothesis.
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Fig. 3. Time-Varying AR coefficient, intercept, attractor and 90% confidence bands in AR(1) model, fitted to CPI inflation data using a normal kernel for 6 countries: Australia,
Canada, Japan, Switzerland, US and UK. The AR coefficient panels also report the estimate of an AR parameter in a fixed coefficient AR(1) model together with its 90%

confidence bands. CPI inflation data are also presented in the third column.

4.1. Data and setup

Our CPI inflation dataset is made up of 6 countries: Australia,
Canada, Japan, Switzerland, US and UK. The real exchange rate
(RER) dataset is made up of 6 countries where the US dollar
is the base currency (and so obviously is itself excluded): Aus-
tralia, Canada, Japan, Norway Switzerland and UK. The data span
is 1957Q1 to 2009Q1. All data are obtained from the IMF (Inter-
national Financial Statistics (IFS)). We construct the bilateral real
exchange rate g against the ith currency at time t as q;; = Sj¢ +
Dj.t —Dit, wheress; ; is the corresponding nominal exchange rate (ith
currency units per one unit of the jth currency), p; ; the price level
(CPI) in the jth country, and p;; the price level of the ith country.
That is, a rise in g; ; implies a real appreciation of the jth country’s
currency against the ith country’s currency.

We fit an AR(1) model with a time varying autoregressive
coefficient and an intercept term which is allowed to vary over
time as well. Parameters are estimated using the normal and
flat kernel estimators presented in Section 2 but having obtained
similar results for both kernels, we choose to report results only

for the normal kernel due to space considerations. A bandwidth H
equal to n'/? is used as suggested by theory. Results are reported
pictorially in Figs. 3 and 4. Fig. 3 relates to CPI inflation and Fig. 4
to real exchange rates. They report the estimated time-varying
AR coefficient, intercept term, attractor and the standard time-
invariant AR(1) coefficient together with their 90% point-wise
confidence bands.

4.2. Empirical results

The empirical results presented in Figs. 3 and 4 can help
provide answers to two important empirical topics: the origin of
the persistence of inflation and the real exchange rate. We will
examine each issue in turn.

4.2.1. Inflation persistence

Our first application examines whether inflation persistence
has changed over time. As noted above, (Cogley et al., 2010) docu-
ment using an RC model that inflation gap persistence rose dur-
ing the Great Inflation of the 1970s, then fell in the 1980s. Be-
nati (2010) presents similar findings using different techniques:
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sub-sample estimates of a fixed-coefficient univariate model for
inflation, and of a DSGE model that encodes inflation persistence
into price-setting.

Establishing whether inflation persistence has changed over
time can help shed light on its causes. The more it is observed to
have changed, the less it is likely that this persistence is a product of
hard-wired features of price-setting like those described by Chris-
tiano et al. (2005) and Smets and Wouters (2003) and the more
likely it is that this persistence reflects changes in the monetary
regime. Benati (2010) takes this view, inferring from the fact that
both structural DSGE and time-series estimates of inflation persis-
tence are highly variable across monetary regimes, that inflation
persistence has its origin in the nature of monetary policy and not
price-setting.

Fig. 3 records our results. The left hand column reports esti-
mates of the time varying AR coefficient (with horizontal lines
depicting the whole-sample, fixed-coefficient counterparts and
associated confidence intervals); the middle column shows esti-
mates of a time-varying intercept; and the third column shows
estimates of the ‘attractor’. Overall, it is quite clear that inflation
persistence has varied considerably, and, once confidence bands

are taken into account, statistically significantly, over time. The as-
sumption of a fixed autoregressive coefficient is therefore judged
inappropriate by the kernel estimator. One could justify the fixed
AR model with sufficiently strong a priori views about the in-
variance of the economic sources of persistence. However, on the
contrary, there is every reason to suspect from the perspective
of economic theory, and prior work, that some of the economic
sources of persistence have changed. We pick out a couple of ex-
amples that connect with previous work: inflation persistence in
the US is estimated to have risen from about 0.4 at the start of
the sample, to a peak of around 0.8 in 1970, falling thereafter, and
steadily, to around 0.2 in the 2000s. A similar picture emerges in
the UK, the one contrasting finding being that after falling back to a
low point of almost —0.2 in 2000, inflation persistence is estimated
to have risen rapidly through the subsequent decade. This overall
pattern is not shared by every country. For example, inflation per-
sistence in Australia seems to cycle around 0.4, with a slight down-
ward trend; in Switzerland, inflation persistence is stable around
0.6 until 1995 or so when it falls rapidly to an average in the 2000s
of —0.6. However, the basic fact, that inflation persistence shows
significant time variation, is common to all countries.
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Our findings add to the evidence casting doubt on the argument
that this persistence has its route in nominal or real frictions,
since it seems to stretch the plausibility of those models that
they can be viewed as time-varying. Instead, this time-variation
suggests that persistence is more likely to have its origins in
monetary policy. In several countries persistence ends the sample
lower than it began it, and the conjecture that this might have
been caused by monetary policy accords well with other work
that has documented changes in the institutions and philosophy
governing monetary policy. During this time, there have been
many changes in the institutions governing monetary policy,
including the spread of independent central banks, the adoption
of inflation or other similar targets. These facts are documented
by, amongst others (Segalotto et al., 2006). Moreover, there arose
the widespread acceptance of the doctrine that inflation is caused
by and can be tamed by monetary policy, and that unemployment
cannot be permanently held down by loose monetary policy, a
doctrine that was not at all universal at the start of the sample
period, see, for example, Nelson (2005).

4.2.2. Persistence of deviations from PPP

Our second application considers the debate surrounding the
persistence in deviations of relative prices from purchasing power
parity (PPP). A vast literature has focused on this problem, so
we motivate our analysis with only a few examples. The survey
by Rogoff (1996) adduces the essential finding in many papers that
deviations from PPP take a very long time to die out. We note
selectively the work of Frankel and Rose (1996), Papell (1997),
Papell and Prodan (2006), Papell and Theodoridis (1998, 2001),
Chortareas et al. (2002) and Chortareas and Kapetanios (2009). One
reason that persistent deviations from PPP can occur is because of
nominal rigidities. But Chari et al. (2002) note that this persistence
in the data - they report an autoregressive coefficient of around
0.8 for 8 US bilateral real exchange rates - is greater than can
be plausibly accounted for by nominal stickiness in traded goods
prices. Benigno (2002) offers another explanation, illustrating how
the persistence of the real exchange rate is in part a function
of the degree of interest rate inertia in monetary policy. Imbs
et al. (2005) and Chen and Engel (2005) have debated whether
real exchange rate persistence is a function of aggregation bias,
discussing differences between the persistence of the aggregate
and its subcomponents. A final possibility is that the dynamics
of PPP are affected by Balassa-Samuelson effects. When non-
traded goods like labour or land are in short supply, productivity
improvements in the traded sector bid up non-traded prices
(higher incomes in the traded sector translate to increased demand
for non-traded services) and hence the real exchange rate.

Our results are shown in Fig. 4, using the same format as the
inflation persistence charts. With the exception of the UK, real ex-
change rate persistence seems to be lower at the end of the sam-
ple than at the beginning, with the caveat that the movements in
general, are smaller than for inflation persistence, and in particu-
lar smaller relative to the confidence interval around the estimate
for each period. We discern clear upward movements in the time
varying constant in Japan, Norway, Switzerland and Australia. With
the exception of Switzerland, these are plausibly connected with
permanent Balassa-Samuelson innovations. For Canada, Norway
and Australia upward movements would be associated with the
increase in the productivity of their traded sectors with the dis-
covery and/or increase in demand for raw material exports (from,
e.g., the emerging Asian economies like China). In the case of Japan
this would correspond to the widely studied increase in produc-
tivity in their manufacturing export sector following the second
world war. As we have already noted, the possibility that real ex-
change rate persistence is a function solely of nominal rigidities
was already strongly at odds with plausible sticky price models.
Our findings, of time-varying persistence, emphasize this.

5. Concluding remarks

This paper has proposed a new class of time-varying coefficient
models, allowing the decomposition of a non-stationary time
series into a persistent random attractor and a process with time-
varying autoregressive dynamics. The paper suggests a kernel
approach for the estimation and inference of the unobserved time-
varying coefficients and provides a rigorous theoretical analysis of
its properties.

The proposed estimation approach has desirable properties
such as consistency and studentized asymptotic normality under
very weak conditions. The potential of our theoretical findings
has been supported by an extensive Monte Carlo study and
illustrated by some informative empirical findings relating to CPI
inflation persistence and the PPP hypothesis. In particular, we
have uncovered evidence in support of the PPP hypothesis for
the recent past. Our findings suggest that estimating coefficient
processes via kernels is robust to a number of aspects of the nature
of the unobserved process such as whether it is deterministic
or stochastic and to the exact specification of the process. The
theoretical properties of the kernel estimator are to be contrasted
with the lack of knowledge about the properties of state-space
estimates of RC models which display pathologies that our
approach avoids, as documented in Stock and Watson (1998) and
Koop and Potter (2008).

One further extremely attractive aspect of the new estimator
relates to its relative computational tractability. Estimation of RC
models using standard methods, including Bayesian estimation,
is extremely computationally demanding. The computational
demands, associated with the use of kernel type estimates, are
modest, with the estimation of even moderately large multivariate
models being completed almost instantly.

At this point it might be worth summarizing a possible course
of action for empirical researchers faced with the task of modelling
time-variation in macroeconomic time series. It is reasonable to
assume that researchers do not know whether the true coefficient
process is random or not. In the absence of such information and
given the theoretical findings in this paper, there is a sound case in
favour of adopting a kernel estimator, since this estimator is valid
both for deterministic and stochastic coefficient processes. This
case is strengthened by our Monte Carlo evidence which shows
that the estimator works well in small samples.
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Appendix
A.1. Proof of the main results
In this subsection we prove Theorems 2.1-2.4, Corollaries 2.1

and 2.3, and Propositions 2.1 and 2.2. In the sequel, we use
repeatedly the following properties of by;’s, valid under (2.21):

n
By = thk ~ H/K(x)dx —H,

k=1

n
B o= D~ [ K200 = Hp

k=1

(A.1)

where B = [ K?(x)dx.
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Table A.1
MSE and 90% Coverage Probability results for 0, ; for the normal kernel.
1) H MSE Coverage Probability, t = [n/2]
n
50 100 200 400 800 1000 50 100 200 400 800 1000
n%-2 0.10 0.08 0.07 0.06 0.05 0.05 0.79 0.79 0.79 0.82 0.84 0.83
no4 0.05 0.04 0.03 0.02 0.02 0.01 0.84 0.84 0.84 0.84 0.84 0.85
0 n> 0.04 0.02 0.02 0.01 0.01 0.01 0.84 0.85 0.88 0.83 0.79 0.77
n%® 0.03 0.02 0.01 0.01 0.01 0.01 0.86 0.83 0.79 0.74 0.67 0.61
n%8 0.02 0.02 0.02 0.02 0.03 0.03 0.86 0.76 0.65 0.42 0.31 0.26
n02 0.10 0.08 0.07 0.06 0.05 0.05 0.77 0.78 0.80 0.83 0.83 0.83
n%4 0.05 0.03 0.03 0.02 0.02 0.02 0.83 0.86 0.86 0.82 0.85 0.84
0.2 ns 0.04 0.02 0.02 0.01 0.01 0.01 0.85 0.84 0.86 0.82 0.78 0.78
n%6 0.03 0.02 0.01 0.01 0.01 0.01 0.86 0.82 0.78 0.73 0.65 0.64
n%8 0.02 0.02 0.02 0.02 0.03 0.04 0.83 0.79 0.63 0.45 0.30 0.27
n%2 0.10 0.08 0.07 0.06 0.05 0.05 0.76 0.79 0.79 0.83 0.81 0.82
n%4 0.05 0.03 0.03 0.02 0.02 0.01 0.79 0.84 0.86 0.85 0.86 0.85
0.5 n> 0.04 0.02 0.02 0.01 0.01 0.01 0.84 0.85 0.84 0.81 0.78 0.79
né 0.03 0.02 0.01 0.01 0.01 0.01 0.87 0.82 0.81 0.73 0.64 0.63
n%8 0.02 0.02 0.02 0.02 0.03 0.04 0.83 0.78 0.62 0.45 0.30 0.24
n%2 0.09 0.08 0.07 0.06 0.05 0.05 0.78 0.77 0.79 0.82 0.81 0.81
n%4 0.05 0.03 0.02 0.02 0.01 0.01 0.84 0.85 0.87 0.84 0.86 0.85
0.9 n%s 0.03 0.02 0.02 0.01 0.01 0.01 0.84 0.86 0.87 0.85 0.81 0.81
n6 0.02 0.02 0.01 0.01 0.01 0.01 0.87 0.84 0.85 0.77 0.67 0.65
ns 0.02 0.02 0.02 0.02 0.03 0.04 0.88 0.79 0.65 0.46 0.28 0.24

Notes: The modelis y; = p¢ye—1 + Us, Uy ~ i.i.d., pr = 0.9a;/ maxo<j< |a;, a; — a.—1 = v, follows AR(1) model with parameter ¢.

Proof of Theorem 2.1. (i) Eq. (2.13) follows using recursions

Ve = pe—1Ye—1 + U = p—1(Pe—2Ye—2 + Ur—1) + ue
Pr=1Pr—20Pt—-3Yt—3 + Pr—1Pr—2Ut—2 + Pr—1Ur—1 + Us
Pr—1--PoYo + Pr—1 -+ Pl + -+ -+ Pr_qle—1 + Ut
Ce,c¥o + Cr—1U1 + Crp—2Uz + -+ - + Ce,1Ue—1 + C ol

The above recursion also implies

k

Ye = th,ju[—j + Cert1Ve—k-1, 1=<k=<t—1
=0

(A2)

(i) To prove (2.14), use |c;j| < o, E|ujug| < Eu?, and (2.13), to
obtain

Ey? =

t—1 2 t—1 2
E (Z Cojtie—j + ct,f;vo> <2E (Zp’lucﬂ) + 20" Ey;
=0

Jj=0

IA

-1 2

(Z p’) + 0™ | (07 + Evp)
j=0

<2(1—p) %02 +Eyd).

Similarly, since E[uj, - - -

4
t—1

Ey <E (Zp’lu[_jl + p‘yo> <4
=0

< 4(1 = p)*(Euf + Eyp). O

4 4N1/4 _ g4
uj,| < (Buf ---Eul)V* = Euj,

=1 \*
(Z p’) Euf + p*Ey;
=0

Proof of Theorem 2.2. The first equality in (2.16) holds, because
(A.20) of Lemma A.1 implies E(y; — z:(p:))?> = o(1),as t — oo.
To show the second claim of (2.16), setting h = logt, write y; =
Ze(pe—n)+{ye—2z:(pe—n)}. Because p;_p is Fr_r_1,k < hmeasurable,
then E[pf_,ur—] = Elpf hE[u[ | Fick—1]] = O0fork < h, and

therefore |Eze(pr-n)| = |E Y20 oF_pie—il = [E Y42y o ptte—il <

i PElue—| = O(p") — 0.Since by (A.20), E(y; —2 (pe—n))?
o(1), this proves Ey; — 0,ast — oc.

Proof of (2.17). Let k > 0. It suffices to show that, ast — oo,

E[yt+kyt - Z[(pt)zt+lc(pt)] -0,
E[z:(p)ze+1(p0)] — 02E[pf(1 — p2) '] — 0.

By (A.20), E(Vt Zt(pt))z = 0(1) and E(ye 11 —2e1x(pr))* = o(1). By
(2.14), Ey? < oo and Esz < o00. Thus, by the Cauchy inequality,

Elyerye —2e(00)Zerk (o) < E| Ytk —2Ze1k(00))Ye|+ElZer (o) (Ve —

2(p))| < CLEQesk — Zesr(p)?}? + CLE(, — z(p))?}? =

o(1), which verifies the first claim in (A.3). To show the second

claim, use the independence between oj's and uj’s, to obtain

Elz(p)zik(p)] = ofEY 12y pE™] — ofElpf 32, p2] =
oE[pk(1 — p?)~ 1], ast — oo, which proves (2.17).

Proof of (2.18). By (A.2), and mutual independence of po;'s, u;’s

(A3)

and yo,
t—1 2 t—1 2 )
By = E( Y cjuj+awo| =E[D cjuy| +E(cyo)
j=0 j=0
t—1
< ZE[CL.] ol + ¢ Eyg < (o} + Ey} )szf
j=0 j=0

< (67 +Ep)(1—pH N (A4)

Next, by (A.2) and the fact that E[u,;y:] = E[y:E[uc+i|Fc1] = O,
i>1,

k—1
Cov(Yeqk, yi) = Cov (Z Cek jUtsk—j T Cek ke Jh)
j=0
Cov (CeskiVes Ye) < (E[cE 2D 2 (EyD)'/?
O*Ey:, k=1,

which together with (A.4) implies (2.18). O

Proof of Theorem 2.3. (i) By y; = pj_1yj—1 + u;,

DPne — Pt = ny |:Zbrjyj 1+ thj(P; 1= ;Ot)y] 1i|

=. EY_,[ [SYM,[ + rn,t].

IA
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Table A.2
MSE and 90% Coverage Probability results for p,  for the normal kernel.
d H MSE Coverage Probability, t = [n/2]
n

50 100 200 400 800 1000 50 100 200 400 800 1000

n02 0.11 0.10 0.09 0.08 0.08 0.08 0.75 0.75 0.78 0.78 0.78 0.76

n04 0.07 0.06 0.06 0.05 0.05 0.04 0.75 0.74 0.72 0.70 0.67 0.66

0.51 n0s 0.06 0.05 0.05 0.04 0.04 0.04 0.75 0.72 0.68 0.63 0.57 0.54
noé 0.05 0.05 0.05 0.04 0.04 0.04 0.70 0.64 0.58 0.48 0.46 0.40

n08 0.05 0.04 0.04 0.05 0.05 0.05 0.68 0.54 0.45 0.33 0.25 0.22

n0? 0.10 0.09 0.08 0.07 0.06 0.06 0.80 0.79 0.77 0.79 0.81 0.81

n%4 0.06 0.04 0.04 0.03 0.03 0.03 0.79 0.83 0.81 0.81 0.79 0.79

0.75 n> 0.04 0.03 0.03 0.03 0.02 0.02 0.82 0.81 0.76 0.71 0.68 0.68
n06 0.04 0.03 0.03 0.02 0.02 0.03 0.78 0.75 0.69 0.61 0.52 0.49

nos8 0.03 0.03 0.03 0.03 0.04 0.04 0.79 0.64 0.50 0.36 0.28 0.21

n02 0.10 0.08 0.07 0.05 0.05 0.04 0.77 0.77 0.81 0.81 0.83 0.84

n4 0.05 0.03 0.02 0.02 0.01 0.01 0.83 0.84 0.85 0.84 0.88 0.90

1.25 n> 0.03 0.02 0.01 0.01 0.01 0.01 0.83 0.85 0.86 0.87 0.87 0.86
n® 0.02 0.02 0.01 0.01 0.01 0.01 0.85 0.84 0.86 0.83 0.78 0.73

0.8 0.02 0.01 0.01 0.02 0.02 0.03 0.83 0.82 0.74 0.57 0.41 0.41

n%? 0.09 0.08 0.06 0.05 0.04 0.04 0.77 0.79 0.80 0.83 0.83 0.84

n%4 0.05 0.03 0.02 0.02 0.01 0.01 0.84 0.85 0.87 0.87 0.85 0.89

1.49 ns 0.03 0.02 0.01 0.01 0.01 0.01 0.86 0.86 0.88 0.87 0.88 0.87
n06 0.02 0.01 0.01 0.01 0.00 0.01 0.87 0.87 0.86 0.87 0.81 0.82

no8 0.02 0.01 0.01 0.01 0.02 0.02 0.87 0.85 0.79 0.66 0.56 0.51

Notes: The model is y; = ptyi—1 + ur, ue ~ i.i.d., pr = 0.9a;/ maxo<j<¢ |a;|, a; — ai—1 = v; follows ARFIMA (0, d — 1, 0) model with parameter d — 1.

By(A.22),6y; = O,(H").ObservethatES}, . = > | b2E[y? ;u?].
Below, we show that

n
EY by’ yul = O(H), (A6)
j=1

fne = Op((H/n)YH + 1), (A7)

which yields Sy, = 0,(H'?) and together with (A.5) proves
(2.24): Do — pr = Oy((H/n)” + H~"/2). To prove (A.6), note that
by (2.14), E[y; ,u7]1 = E[y} ;1 + E[u}'] < C for all j, which implies
EY i biy uf < CY L bi < CH, by (A.1). To show (A7),

select h := bH such that (A.16) holds and bound |r, | < Z]'?:]

byloj—1 — Pelyy = Ren 2ojj_qyep bi¥i-q +2 3o buyi where
Rt ,n == max;. |c—jj<n |pj — ,o[L(. This implies (A.7) because

> byl = 0p(H).
li—ti<h

Z bgy? 1 = 0p(1).

i—tl>h

Ren = Op((H/n)7),
(A.8)

By (A20), R.y = 0,((h/t)?).Since t ~ tnand h = bH, this
implies the first claim in (A.8). The second and third claims follow
noting that max; Eyj2 < C by (2.14), while (A.1) and (A.16) imply

ED i ti<n btjyjz—1 <CHandE} ; .., btjyjz—1 < CXje=nby =
o(1). ~

(i) For H such that (H/n)” = o(H~Y/2),by (A.7) 1 = 0,(H'/?),
while by Lemma A2, Gy, = 0,(H~"/2). Hence, Gy, rc = 0,(1),
and by (A.5),

=2

0, e SY. In, Sy,
2 B — o) = =+ = = 22 o,(1).

=
Oyu,t Oyu,t Oyu,t Oyu,t

Since aﬁ}[Syu’t — N(0, 1) by (A.38) of Lemma A.4, this completes
the proof of (2.25). O

Proof of Corollary 2.2. In view of the asymptotic normality result
in (2.25), it remains to show that 6y /oy, , —, 1 which follows

=2 =2 -2 =2 =2
from [0y, /oy, — 1l = oy, loy;, — oy, | = 0p(1), because

~—2

Oyt = 0Op (H™') by Lemma A.2, and

azfﬁ,t - E&u,[ = 0p(H). (A.9)

To verify (A9), use &7 — u? = (& — u;)* + 2(; — u;)y; and the
Cauchy inequality, to obtain

n

~2 ~2 2.2 2 2 2 ~

|0'yﬁ,t - O'Yu,[| =< E b[jy];1|uj — Y | < q; + 2qn0vu,,
=

where g2 = Z}Ll bijj{l@ — uj)? and Gy, is as in (2.22). By
Lemma A.2, Gy, = O,(H'/?). Hence, to prove (A.9), it suffices to
show that

s = op(H). (A.10)
Notice, [uj — uj| = |yj — PneYjo1 — Uil = [(pji=1 — POYj—1] <

(1051 = pel+1pt = bueDIyj—1l. Theny? | @ —up)® < 2y} {(pj-1 —
p0)* 4 (pr — pn)*}, and

n n
@ < 2 byt (i1 — P’ 42000 — pn0)® Y byE

j=1 j=1
=: 2(qn,1 + qn,2)- (A11)

To bound g, 1, note that |p;| < p, max;jb; < oo and, by (2.14),
max; Ey]‘.l < o0. Hence, by the same argument as in the proof of
(A7), it follows gn1 < C Y7Ly bylpe — pelyiy = Op((H/m)YH +
1) = o, (H).

To bound gy 5, note that by (2.24), p; — pnr = 0,(1), while
Yo biEyi < €31, by = O(H), by (A.1). This implies g, > =

op(H), completing the proof of (A.10). O

Proof of Proposition 2.1. The first claim in (2.26) in shown in
(A.47) of Lemma A.5. It implies the second claim noting that Eﬂf =
02By,' = O(H™"), by (A.1). )

In addition, if H is such that (H/n)” = o(H~'/?), then (A.47)
implies (1 — p,)y: = i + 0,(H~"/2), which together with (A.48)
proves (2.27). O
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Table A.3

MSE and 90% Coverage Probability (CP) results for 0, @, and j; for the normal kernel.
MSE /¢
H u, ~ iid. u; ~ GARCH u; ~ stoch. vol.

n
400 800 1000 400 800 1000 400 800 1000

n®2 0.07 0.06 0.06 0.08 0.07 0.07 0.09 0.08 0.07
n%4 0.02 0.02 0.02 0.04 0.03 0.03 0.06 0.05 0.05
n%> 0.02 0.02 0.02 0.03 0.03 0.03 0.06 0.05 0.05
n® 0.03 0.03 0.03 0.04 0.04 0.04 0.06 0.06 0.06
n8 0.06 0.08 0.08 0.07 0.08 0.09 0.08 0.09 0.10
MSE &,
n®2 0.71 0.67 0.56 0.78 0.64 0.67 0.56 0.50 0501
n%4 0.15 0.11 0.11 0.16 0.14 0.13 0.23 0.19 0.20
n%> 0.15 0.13 0.14 0.17 0.17 0.16 0.23 0.18 0.20
n%6 0.19 0.19 0.20 0.21 0.20 0.21 0.25 0.25 0.24
no8 0.37 0.36 0.38 0.38 0.39 0.36 0.38 0.36 0.41
MSE y,
n02 0.44 0.42 0.40 0.44 0.44 0.45 0.44 0.42 0.41
n%4 0.37 0.32 0.32 0.33 0.32 0.31 0.33 0.29 0.32
n%> 0.52 0.47 0.47 0.47 0.48 0.49 0.55 0.42 0.45
n%6 0.80 0.78 0.82 0.72 0.69 0.80 0.72 0.86 0.79
n%8 1.81 1.95 1.99 2.09 2.10 1.71 1.84 1.76 2.10
CP's p¢, t = [n/2]
n%2 0.79 0.78 0.79 0.78 0.77 0.78 0.77 0.76 0.75
n%4 0.80 0.81 0.80 0.77 0.81 0.79 0.66 0.70 0.66
n> 0.74 0.68 0.67 0.71 0.70 0.69 0.59 0.62 0.60
n® 0.52 0.47 0.45 0.59 0.56 0.53 051 0.49 0.49
n8 0.21 0.16 0.14 0.31 0.25 0.23 0.35 0.29 0.27
CP’s &y, t = [n/2]
n02 0.79 0.81 0.80 0.79 0.76 0.78 0.78 0.77 0.78
n%4 0.81 0.80 0.82 0.78 0.80 0.79 0.65 0.69 0.70
n%> 0.71 0.67 0.65 0.68 0.67 0.64 0.54 0.59 0.59
n® 0.46 0.43 0.41 0.52 0.47 0.43 0.46 0.42 0.42
n08 0.18 0.15 0.14 0.19 0.16 0.14 0.20 0.18 0.19
CP's ;. t = [n/2]
n02 0.74 0.77 0.80 0.79 0.81 0.80 0.79 0.79 0.82
n%4 0.79 0.80 0.79 0.77 0.80 0.80 0.75 0.77 0.77
n%> 0.69 0.72 0.66 0.69 0.65 0.66 0.71 0.66 0.64
n%6 053 0.53 0.49 0.55 0.52 0.48 0.57 0.50 0.50
n%8 0.33 0.27 0.25 0.36 0.24 0.25 0.33 0.26 0.26

Notes: The model is y, = «; + pyi—1 + u; with u, i.i.d, GARCH(1,1) as in (a) or stochastic volatility noise as in (b) normalized to have unit variance; a; = t~/?z,, where z,
is arandom walk, z; — z,_; ~ i.i.d.; and p; = 0.9a;/ maXo<j< |a;|, where q, is a random walk, a; — a,_; ~ i.i.d..

Proof of Theorem 2.4. By definition, yjf =Yy — ij,j = 1follows
the AR(1) model (2.1). First, we prove the claims about y;. Note that

n n
Yo—me =By Y by — o) =By Y by — o)
j=1 j=1

n
+B;, Z bgy; =: 11t + ¥
j=1
By (A.1), By ~ H, which together with (A.52) of Lemma A.6 implies
rie = 0p((H/n)? +H™). Since by (2.26), 7, = 0,((H/n)* +H~1/?),
and B > y, this proves (2.31). In addition, if (H/n)? = o(H™'/?),
then ry = o,(H"'/?), so that ; — u; = ¥, + 0,(H~'/?), which
together with (2.27) proves (2.32).

To prove the claims about D, set J; = y; — i, Siy.,
Z,’Ll byyiJi—1, Syyre = 2};1 byyiyi_1s 5}% = ]"1:1 bfj-f/jz—l and

¢, = iy byy;?;. By definition (2.29), nc = Sy /5 . Ob-
serve that 0, ; := Sy/y”[/a’\g, . is the estimator of the parameter p;
of an AR(1) model with no intercept.

Hence, by (A.53) of Lemma A.6, with &, := O,((H/n)”H + 1),

S%v:  Syive Syryie + & Syryre

rﬁn,t —;n,t| = 1= ~ == =
‘7{/,[ UY’,I aY’,t + s” OY’,t
&l {ISyy /52 | + 1}
5+

= O0p(Ea]H™") = 8n, (A12)

where §, = 0,((H/n)” + H™"), since [Bne| = ISyv.c/3y, | =
0p(1) by (2.24), and G, , > cH for some ¢ > 0 by (A.22).

Hence, pn ¢ = Pn + Sn. Since o, satisfies (2.24), this together
with Corollary 2.1 implies (2.31), while for (H/n)Y = o(H~'/?),
Pn.¢ satisfies (2.25) which implies asymptotic normality (2.32).

Finally, we discuss the estimate &, = J:(1 — D) of @y =
e — Pe—1M¢—1. Note that

n
Ve— e =Y, + By D by — o) = (1= po) " + b,
j=1
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in view of (2.26), (A.52), and assumption 8 > y. Moreover, by
(A12), Dot — Pt = Sn, while by (A48), i, = 0,(H~'/?), and,
by (2.32), Dt — pr = 0p(H™/2) + 8. Hence,

Qpe = (Mr +u:(1—p) ' + 311)({1 — pc} + {pe — Pacd)

= we(1 — pr) + U + e (or — Pye) + 6n

= (1 — p) + te + e (e — Pne) + Sn. (A13)
Assumption 2.3 and (A.20) straightforwardly imply that oy — . (1—
) = WePr — e—1Pi—1 = By Hence tny — ar = Zy¢ + 8n,

where Z, ¢ = iy + f4¢(pr — pn.t)- Clearly, the above bounds imply
Zy = 0,(H™/2)+8,, which proves (2.31). In addition, if (H/n)” =
o(H™1/2), then 8, = 0,(H'/?). Since (B1¢/B3t)Zn —p N(0, 1) by
(A.39), and By /By = O,(H'?) by (A.1) and (A.23), this implies
(2.32) for &, and completes the proof. O

Proof of Corollary 2.3. To prove the first claim, use Lemmas A.2
and A6 to obtain G} = 67, + 0,(H) = Huvj, + 0p(H), where

v}, = 07(1—pf)~". This together with D, — or = 0,(1) of (2.31)

and B/ ~ H'/2 of (A.1) implies
‘ 1= pue|" B ‘ Lo [P B =pD'
1+ ;611,[ tha},,t 1+ p Byroy P
By (1—p1)
= ———(1+0p(1)),
BZt Oy p

which, in view of asymptotic normality (2.32), proves the first
claim in (2.33).

To prove the second and third claims in (2.33), in view of (2.32),
it suffices to show that

@} /530.0/ @y /Gy —p 1, B /B2 —, 1. (A.14)
To check the first claim, note that by Lemma A.6, E? = af, +
0p(H) and 3% Y/ut + 0,(H), while by (A.22)G5,,% = 0,(H™")

and G, ay/u .= O,,(H ). Therefore, G crA /o

— 1, which implies the first result of (A 14)
To prove the second result, note that |B3[/B3t 1| = By} |f373t -

B§t| = op(l) since B;tz =0, (H™1) by Lemma A.2, and as shown

c—p 1 and UQQJ/UY’u.t

below, B3t B, = op(H) Indeed, setting aY’uut = b[]y] T j
and géﬁﬁ,t = j:l bljyj_l 7 from definition of Bs; and B3t we
obtain
B B
~ 1t A 1t~
B%t - B3 = _2/’“»\ O—\?’uut + 2y 52 3uu,t
Y/t Y t
B3, L, B
+ 1 =4O — Vi =5 O - (A.15)
Y/t G?,t
Combining the above properties of 5y, , a{f Gy, and G m , With
Ve = ue + 0p(1) of (2.31) and o, aw = ay,uu[ +0p(H) = O (H)

of Lemma A.6, and noting that E,u[ < oo implies i = 0,(1), we
obtain

- Bie o Bie
Ve =< ~2 5ﬁﬁ _/'LtAz UYZ/uut+op(H)v
O /
Yt Y,
B?, B2,
V=i = M?J Tpre + 0p(H),
OA O,
Y.t Y’
which yields B 3[ = 0,(H), completing the proof of (A.14). O

Proof of Proposition 2.2. Let 1 < k < h < t/2. Write, by (2.35),

t+k—
Mtk — = Z Ceyk,i®t4k—i th o = m(t, k) + m(t, k),

where m(t, k) = Zf;(}(ctﬂi — cri)ae—j, and m(t, k) = pepk —
ue — m(t, k). To verify Assumption 2.3(ii), it remains to show that
Em?(t,k) < Clk/t|*?, 1 < k < h, and max;<i<p |M(t, k)| <
C((h/t)” +h~"). By Assumption 2.4, max; E|a;| < 0o and E|ote ki
—a;_i| < C(k/(t — i))? fori < t/2.Since |c;;| < p', then

t+k—1

E|m(t, k)| < as( D lecsillee il

i=t

-1
+ Z [Cer,illOtepk—i — G[—i|>

i=1

t/2
< c(Z/zp +Zp (k/(r—z))ﬂ>

< C(p"? + [k/t1P) < Clk/t)P.

On the other hand, fin(t, j) = Y1, [ —|—Zl I CR sy
By (A17), fori = 1,...,h [ceyji — €] < 3ip"™ 1R, 1 Where
Rep = max; i ¢<n |oe — 0| = Op((h/t)y) by (A.20). Hence, |sy| <
CRep 1, o Nilare i = 0,((h/t)7), becausefz,’.‘:l o il <
CZI 1,0’ 1l < ooc. Finally, |rnj| < ZZI w1 P |at_,-| forallj < h.

.....

Il = Op(hfl), which completes the verification of Assump-
tion 2.3(ii) with 8 = y.

Proof of (2.36). By (235), oy = Ut — Pr—1Mt—-1- Thus, |,LL[ — (1
po) "l < (1= p) (1 — p)pe — | < Clpeite — Pr—1fbe—1]
C(lpr — pe—1lliael + pliee — pe-11) = 0p(1), because oy — pr—1
0p(1) by (A.20) and fr — phe—1 = (Ke — Hesh) + (heph — He—1) =
o0p (1) by Assumption 2.3(ii) verified for 1, above. This proves (2.36)
and completes the proof of proposition. O

A |

A.2. Auxiliary results

This section contains auxiliary results used to prove the main
theorems. _ _

Recall notation: H := H when K has finite support, and H =
H log"/? H when K has infinite support. We will repeatedly use the
following property of the kernel weights b;: there exists b > 0
such that,as H — oo,

> by=o(1).

1<j<n, |t—jl=bA

(A.16)

Indeed, if kernel K has finite support, then K(x) = 0, |x| > xo for
some finite xo > 0 and (A.16) holds with b > Xo. If K has infi-
nite support, use b such that b>c > 1, where c is the same as in

K(x) = 0(e~*") in (2.21). Then, >z g < Clo e—c@/H? iy

< (bH)™" [ e <@/ xdx < CHA™' = o(1).
We shall use the notation R; ;, := maX;j_¢<n |or — pjl. In the
following lemma, y;, u; and ¢, ; are as in Theorem 2.1.

LemmaA.l. (i)Fort > 1l,and1 <j,s<t—1,
ICej— P{| =< pi_ljkil‘%axj loe — pe—kl,

|/’{ - P§| = Pi_lﬂpt — Prsl-

(A17)
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(fiyFor1 <ty <t j>1,

lpesg — pel < 2plag |~ kmax |aerk — ael. (A.18)
(iii) For t > 1,1 < h < t/2 andjsuch that |t — j| < h,
Vi — zi(p)l < Rean +h~ )Y, EY < C, (A19)

where random variables Y;, do not depend on t, and C does not
dependont, h andj.

(iv) Under Assumptions 2.1 and 2.2, ast — oo, h — o0 and
h = o(1),
0p((h/t)7),

Ren = max E(; —2(p0))” = o(D).

(A.20)
jilt—j

Proof. (i) Notice that |a; ---aj — by - - bj| = [(a1 — by)ay - “ax +
bi(ay—by)as - -aj+by - - bj_1(a;—by)| <jmaxi—y,__j|ai—bilad™ ",
if|a;] <aand |bj] < a.Thus,for1 <j<t-—1,

ol <jo'™! [max 1oe = pr-il,

,,,,,

j
ICej— ol = |pe=1--- pe—j —

which proves the first claim of (A.17), while the second claim
follows by the same argument.
(ii) To prove (A.18), denote m; = maxo<s< |as|. Then, my4; >
me > |G|, me > |ac|, and
Qe+j O

|0t — pel = p‘f -
My My

|‘1t+j — a;| |m[+j — my|
=p + lag|
My MMM

—1
(lagyy — ac| + [meyy; — mel).

A

= p|af0 |
We show that

Imey; — mye| < ’max |aerk — ael,

(A21)

which completes the proof of (A.18). Let m.y; = |a;,|. If j. < t,
then m;;; — m; = 0 and (A21) holds. If t < j, < t + j, then
My > me > |a¢|, and mey; — me < |a;, | — |a¢|, and (A.21) holds.

(iiii) Proof of (A.19). By (2.13)and (2.15), ly;—z(p)| = |5y (Gje—
PO+ ¥0|, where by (2.12)and (2.3), g | < p*and |c| < p.
For [j — t| < h, by (A17), [k — ol < IGik — oI + |of — pfl <
p*k{maxi—, .k 1o — pj—il + 1pj — pel} < 3p* "kR¢ 2p, while
il < o' < p" < (h|logp|)~',since p < 1andj > h. Hence,

h—1 j—1
v = z(p0)| = ka Pl +2 o il + "Iyl
k= k=h

< (Reon + h )Y,

where Y, = Y11 305 Tkuj i | +2 35, 07 uj_i 4 [yol. Since
0<p< 1,Eu‘1l < oo and Eyg < 00, then by the same argument as
in the proof of (2.14), EY/}, < C((3 Y 52, o* Tk)*+ (2 X320 M+
Eyg) < oo. This proves (A.19).

(iv) To prove the first claim in (A.20), let to := t — h. Then by
loe — pil = 1ot — Pl + oy — prol and (A.18),

7‘1.
Ren <2 max [og ik — pro| < 41| in,

.....

In = k_max |ar0+k Ay |-

We will show that |at0|*] = 0,(t77) and i, = Op(h”) which
implies R, , = 0,((h/t)"). Firstly, |at0|*1 = 0,(t77) holds since

by Assumption 2.2 t(;yato —s>pWi+g(l)astg =t —h — o0,
where W; has continuous distribution. To bound i,, let aj/- =

7 7 . s
J2n | e — ag |- Then iy < iy +
2n |Eagy 1 —Eay, | < ln—i—ChV because |Eay, 1x—Ea,,| < Ck”

a; — Eg; and i, = maxy—,

.....

py (2. 5) The stationarity of v;’s in Assumption 2.1(ii) implies that

ip =p MaxXy—;
h — oo,
(h) iy =p sup (2h) 7 |ajy.p — Gyl —p sup W] = 0p(1).

0<r<i1 0<r<1

2n |a, — ag. Thus, by the weak convergence (2.5), as

Hence, i, = O(h"), i, = 0,(h") which completes the proof of the
first claim of (A.20).

To show the second claim in (A.20), use (A.19) and the Cauchy
inequality, to obtain for |j — t| < h, E(y; — zj(p))* < E[(Re2n +
h™)?Y2] < C(E(Rean+h™")*) "2, where C < oo does not depend
on t,j, h. Because h™! — 0, and |p;| < p implies R.n < 2p,
it remains to show that ER; 5, — 0. Note that for any ¢ > 0,
ER;on < €P(IReonl < €) + 2P(|Reon] > €) < 2¢,ast — 00,
because by the first part of (A.20), Ry on = 0,(1). This completes
the proof of (A.20) and the lemma. O

Denote vi, =o(1—p})~!, v3, =
v3 = BE[(1 — 8Ug(@))*u2]]a=p,. 5=5,» Where Up(a) = "2 au_
and & = pu(1—p?)/o2. Observe that v =px > % opi™

E[u_iu_su%]. Let Bs; be as in (2.32) of Theorem 2.4. In the lemma
below, c1, ¢c; > 0 denote some positive finite constants.

BrE[US (@)u3]|o=p, and

Lemma A.2. The following holds for Gy  in Theorem 2.3(i), for oy, ,

in Theorem 2.3(ii) and for B 3.0 in Theorem 2.4(ii):
UYI/(HU] D)=yl UYM/(HUZE) —p 1 (A.22)
B%,t/(va D—=>p 1, (A.23)

where ¢, §v <cy,s=1,2andc; < v3t_0p(1)

Proof. First we verify the claims about v , v3 , and v3 ,. The claim
¢ < vi, < ¢ holds, because |p;| < p implies 6} < v},
02(1 — p*)~'. The claim v, < c, follows by applying in v3

BrE[UZ(a)u?]|o=p, the bound E[UZ(a)u?] < E[Ug(a)] + Eu?

I IA

IA

(1 — p)~*Euj + Eu} < oo, valid for |a| < p. The claim v}, > ¢
follows by noting that by (2.23), V; = E[uﬂuo, -] = ¢ >0,
which implies E[UZ (a)u?] = E[UZ(a)V1] > cE[UZ(a)] > co? > 0.

To verify the claim that v, = 0,(1), use the bound E[(1 —
SUp(a)*u?] < 4(1+8*E[Ug(a)]+Eu}) < 4(1+8*(1— p)*Eut +
Eu‘l‘) < oofor0 < a < p, and note that §; = 0,(1), because
El8;| < Elu¢|20,* < oo. To show that v3, > cy, note that
Vi = E[Wi|up,...] > ¢ > 0 implies E[(1 — 8§Up(a))’u?] =
E[(1 — 8Up(a))*V1] > cE[(1 — 8Up(a))?] = ¢ + §?EUZ(a) > c.
Proof of (A.22). We verify the second claim, (the first claim can be
verified similarly). Set t; = t — 2h where h = bH with b as in
(A.16). We shall approximate 6y, , by

h
A2(apr) u> ,_ k

Oye = Z buZtOJ U Zig = Z Py Uj—k- (A.24)

Jilt=jl<h k=0

We show below that
o~ ~2
5ot — ou = 0,(H), (A25)
~2

Ylfatpr)/(Hvz to) —p 1, v%ﬁto/vi[ —p L. (A.26)

Together with v, , > ¢; > 0 this implies (A.22): (Hv3 )~ 'y, =

~2 ~2
(HV2 )71 GE — Gy t™) + (HV2 )" Gp " > 1.
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Proof of (A.25). The claim follows from the bound [52, , — Gy, ;" |

< 2jiejizh b?jyjzflujz+zj;|[,j|<h bfjlyjz,l —thoyj,] Iujz. observing that
E Y bgypu = op(1), (A27)
Jilt=jl=h
E Z b§ly;-1 =z j1 U = o(H). (A.28)
Jilt—jl<h

The result (A.27) follows from (A.1) since E[y?_,u’] < Ey} ,+Eu} <
C for all j by (2.14). To prove (A.28), use » . bfj = O(H) of (A.1)

and
max Ely? , —z2 . ,[u? =o(1). (A.29)
jili=ti<n I TR =T
In turn, to verify (A.29), first we show that
E Z. )% —0. A.30
snax, Ol -z )~ (A.30)

By the same argument as in the proof of (A.19) it follows that

1
j to.jl = (R, i s
Vi — 2t jl < (Reon +h" )Y

where random variables Y; , do not depend on t, and C does not
depend on t, h and j. Thus, (A.30) follows by the same argument as
in the proof of the second claim in (A.20). Now, to show (A.29),

EY3, <C. li—tl<h (A31)

set ;= wl(jy| > L), L > 0.Then |y}, — 2} ||} <
vy =22 ;_41(u?; +L%). By the Cauchy inequality and stationarity
of U, E|yj2_1 - Zfz(JJ—1|uf2,1 = (E(}’f_l - tho,j_1)2)]/2(Euﬁ1)l/2 =<

C(Euj )" — 0,as L — oo uniformly in j, because Ey} < C
and EZIO] < C for all j, h and t, see (2.14). On the other hand,
Ely?y — 22 4] = E|(jo1 — 2 j-1)* + 22510y

< EQWj-1 — zpj-1)* + 2(EQyj—1 — Zto.j—l)2)1/2(5230'}‘_1)1/2 —- 0
uniformly in |[j — t| < h because of (A.30). This proves (A.29).
Proof of (A.26). Let €2 = Y o pit* >y DAEuj_1-itj—1—
ujz]. To prove the first result of (A.26), it suffices to show

er = Hv3, (1+0,(1)), 335“5’” — €2 = 0,(H). (A.32)
First,ash — o0, 3, |t_]‘<h ~ Hp, by (A.16) and (A.1), while

I > e hin p | < Yo p — 0, and by stationarity E[uj_q1_;
Uj—1-sU7] = E[u_ju_su3]. Therefore,

Z P E[u_u_su31H B (1+ 0,(1)) = Hv3 , (1+ 0,(1)).

To prove the second claim in (A.32), bound

112
|0'nyatpr) - et0| = ’ Z /O;JrsTn is Z P,+S|Tn is!,
i,s=0

1113::H1 Z bX],

Jle=jl<h

where x; ;== uj_1_1-u]-_1_suj2 — E[uj_1_,-u]-_1_5uj?]. We will show that

max E|Ty ;5| < C; Tois—p0, Vs, t, (A.33)
is

which implies H~'[G; %" — e2 | —, 0, since then for any fixed

L"Z{:s:o P | T is| —p 0, while E Z}rlnax(i,s)>L P Tl < C ha
pt— 0,as L — oo.

The first claim in (A.33) is valid because E|T;, 5| < H™! Zj:‘tfﬂsh
bj2Eu} < C by (A.1). To verify T, i — O for fixed i, s we shall use

Lemma A.3. Write T, ;s = ZJ'?:] ZnX;, Where zp; == H~ 1bzl([] —
t| < h). Note that x; is a stationary ergodic process, because
u; is stationary ergodic, see Theorem 3.5.8 in Stout (1974). In
addition, Ex; = 0, E|xq] < oo and T,,;; = 0. Moreover, the
Zyj’s satisfy the assumptions of Lemma A.3 with v, = 1. Indeed,
i lzl < HT'Y L by = O(]) by (A.1), while 37, |z —

Znj-1] < Hil(zj';\tfﬂgh |bﬁj ] 1+ b? mi—h T b? t+h) = o(1),
because of (2.21). Hence, by Lemma A3, Tn,ls = op(v,,) = 0,(1).
This completes the proof of (A.33).

Proof of the second claim in (A.26). We have |v] /v5, — 1] <
lv3, — v§$t0|/v§’[0 = 0p(1) because vito > ¢ > 0andvj, —
v3 ., —p 0. To show the latter, recall v3 , = Bk Y_7(_, pr“E[ _ills
u?] and E|u_ju_su?| < Eu} < oc. Then by (A.17), <

U%,t0| —_
CY e o lok® = o™ < Clpg — pel Yope  (i+5)p™~ 1< Clpg —

pil = 0p(1), because py, — pi| < Rezh = Op((h/t)7) = 0,(1) by
(A20).

Proof of (A.23). Observe that y; = y;
(2.28) with no intercept. Let g = fcBic/5y .
Yoty b (1 — gy )*u?. We shall approximate B3, by B;
> iet1<n b5 (1= &2ty j—1)?u?, where to and zq, ; are as in (A.24) and
&1, = B/ (Hv] ). We shall prove that

— j is an AR(1) process

2 _
Then B3, =
2 (apr) —

Bz _ BZ (apr)

= 0,(H), (A.34)

2
B3P/ (Hv? W) —p 1 3 /03—l (A.35)

which implies (A.23): (Hv,)"'B3, = (Hv2 ) '(B, — B3 ™) +

(Hvi )~ 1B2 (apr) —p 1because v3; > ¢; > 0.
Clalm (A 34) follows using a similar argument as in the proof of
(A.25) combined with

& — & =0p(1), & = 0p(1). (A.36)
To verify (A.36), note that
|ge — & < Buell(me — Mtg)A_z | + lieo 115y, — 3;?f0|
+ 10y, — (HV ) 7'DY = 0,(D).
The latter holds because By, = O(H) by (A.1), ur — ey = Op((h/

mf +h " = op(1) and p¢, = Op(1) by Assumption 2.3, whereas
by (A.22)5y% = 0p(H™"),5,,% — (Hvi, )~ = 0,(H) and
Gyt = Oy =0p(H ™).

To verify (A.37), note that an approximation, similar to (A.25),
implies 57 , — 57, = 0,(H), while by (A.22),5, 7 = 0,(H™") and

~—2

_ ~—2
Oy = Op(H™"). Hence, |5y ;

(A37)

- gY_,to| = UY,rGY,t0|G}g,r - 6\3,[0| =
0p(H™"). The above bounds also yield |&, | = Bi¢|us,|(Hv )™ =
0,(1), proving (A.36).

Claims in (A.35) follow by arguing as in the proof of (A.26) and
using (A.36). This completes the proof of the lemma. O

We state for convenience the following result, which is shown
in Lemma 4.7 of Dalla et al. (2012).

LemmaA.3. Let T, = ) ;_, ZuX;, where {x;} is a stationary ergodic
sequence, E|x1| < oo, and z,; are real numbers such that for some
Vn < 00, 2 ez |zoj| = O(vy) and ZjeZ |Znj — Znj—1] = o(vy), as
n — oo. Then E|T, — ET,,| = o(vy,).

Next we establish asymptotic normality of the sum Sy, =

Z 1 byyj—1u; appearing in (A.5), and of Z, ; = iy + e (0 — Prne)s
used in (A.13). Recall definition (2.32) of Bs;.
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Lemma A.4. The following holds for Sy, ; in Theorem 2.3(ii) and for
Z.¢ in Theorem 2.4(ii):

GyaeSrue ~pN(0, 1), (A38)
By,'BicZnc —pN(0, 1). (A39)

Proof. To prove (A.38), set h = bH with b as in (A.16), and t, =
t — 2h. We shall approximate Sy, by Sy’ = 3" < biZeg 114

with z;, ; as in (A.24). We will show that

Svu — Syt = 0p(H'?), (A.40)
d; 'SP —>p N (0. 1), i=Ho?, . (A41)

By (A.22) and (A.26), d2/G}, , —, 1,and G,,', = 0,(H~"/?), which
implies (A.38):
S S(apr) S(apr) d
Svut _ OYut T Ovur vut  Gn
6\Yu,t oYu,t dy UYu,t
(apr)
Yu,t

0p(1) + (14 0,(1)) —>p N (0, 1).

Proof (A.40). Since u; is a m.d. noise,

2
E(Syut S‘(/Zp[r)) — E( Z b[](y]—l _Zto,j—l)uj>

li—ti<h
( Z byyj- 1”1)
—t|>h
=E Z 1 = Zig )Y
—t|<h
+E Y biy-aw)? = o(H)
J:li—t|>h

by the same argument as in the proof of (A.25). This proves (A.40).

Proof (A.41). Notice that d, is #;, measurable and X,; = d 1
bz, j—1ul(|j — t| < h) are martingale differences with respect
to filtration ;. By Theorem 3.2 of Hall and Heyde (1980), to prove
Z};l Xnj —p N (0, 1) it suffices to verify that

n
(a) Zx,fj—m,

(c )E max X7 — 0.
1<j<n

(b) max |[Xy;| =50,
1=f=n (A.42)

Claim (a) is shown in (A.26). To show (b), notice d,! < CH~'/?2
because v, > ¢ > 0 by Lemma A.2. Bound |z, ;| = | ZZZO pg)
Uikl < & =Y rop *luj—i| where ¢ is a stationary process with
E¢} < oo.Thus, [Xy| < CH™'V2by0; < C'H™Y20;, 6; := |g_1yl.
Hence, EX2I(|Xy| > &) < CH™'bLE[61(C'*H™'/?6; > ¢)], and

P(max Xn| > )
1<j<n

g7 ZE (Xl > &)
< c;s—215[911(c’2H—‘/291 >e)]— 0
H— oo, Ve >0 (A.43)
by stationarity of 6;, E@lz < oo and (A.1). This proves (b) and (c).

Proof of (A.39). By definition, By;Z,; = Z}T:] bgu; —

Z;:l by (1

&Sy =
— &} ) where g = 11(B1/Gy, ) and y = yj —

is an AR(1) process (2.28) with no intercept. We shall approximate

this sum by Qn(apr) 3 jtj<n b (1 = &yt j—1)j, where to and z ;
are as in (A.24), and g, = ;JV[OB"O/(Hv1 to)

We show that
BiZne — Qut” = 0p(H'?), (A44)
d;'Q, " —>p N (0, 1), d%:=Hvi,. (A45)

By (A.23) and (A.35), By} = 0,(H™'/?) and d,/Bs —, 1, which
implies (A.39):

Buzu _ Buzui— Q¥ O &
B3 B3 d, Bs:
(apr)
= 0,(1) + (14 0p(1)) =p N (0, 1).

n

Proof of (A.44). Leti, := ) ., byu;. Then

— Q"1 < linl + 1
where i, = 0,(1) because Eliy| < E|u4] Zj:li—flzh bs = o(1) by
(A.16), Sy,c = 0,(H?) by (A.38) and (A.22), and Sy, — Sf,‘fﬁrg =
0,(H'/?) by (A.40). Together with (A.36), this implies |ByZ,; —
Qrff‘fr)| = 0,(H'/?), proving (A.44).

Proof of (A45). Write d;'Q,7" = Y"1 vy; where vy == d; by
(1 = 8wz j—ul(lj — t| < h). Let p, = logH and X,; =
vl (14¢] < Pn). Since Eup < Cand H — oo, then P(|uy| >
pn) — 0. Hence, it suffices to verify that Z_lxn — N(0, 1),
which in turn holds if m.d.s. X;; satisfies (a), (b )and (c) of (A.42).
Claim (a) follows from (A.35). To show (b) and (c), observe

that d;' < CH™'/? by Lemma A2, while |z, ;| < ¢ where ¢
is the same as in the proof of (A.41). Note that E§14 < o0 and
85| = ltegB1y/ (HV3 )| < Clpagy| by (A1) and Lemma A.2. Hence,
|Xnjl < CH™V2pybyi6; < C’H™V2p,6;, 6; = |j—1u;|. We shall show
that

E[p2021(C’'H™?p,6y > )] — 0, (A.46)

which yields (b) and (c) by the same argument as in (A.43). By
assumption, E|uq|*+? < oo for some § > 0. Since |6;] =
|Zot| < maX(Eozp;z, pau), then pZE[OFI(C'H™'?pu6y > €)] <
P2(ELepy*1 + Elppuil (C'H™?p2ui > ¢)]) < Cpi(p,* + Elpju]
(CH™Y2p2ut/e)’1?]) < C(py? + pSTPPHE[uy|**?) < C(p,% +
pSteH=3/4) — 0asH — oo, proving (A.46). O

Let y; and u; be as in Proposition 2.1.

glapr)

|BleTl,t - gto)SY/u,t +§[0 (SY/U t— Qyn, t)|’

n— oo, Ve > 0,

Lemma A.5. Let y, satisfy the assumptions of Theorem 2.3(i), and
H = o(n). Then,

Je= 1= p) i+ 0p((H/)Y +H),
(By:oy)'Bielle —>p N(0, 1).

(A47)
(A.48)

Proof. First we prove (A47). Let h := bH be as in (A.16) and
to == t — 2h. Set Sy, = X1 byyj Suc = )by and
Sut = D_jije—jj<n byt Bound
lye — (11— Pt)ilﬂt| = B1_[l|sy,t -
< By ISy = (1= o) 'S el + 1{(1 = o)™
— (= p) S+ (1= p) 7 (S = Suol}
< CH™H{ISy.e — (1= prp) 'Sy

+ |(10f0 - IOI)SL,L[| + |Su,t - Su’t|}v

1- p[)71su,t|

(A.49)
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using B;y ~ H and [p/] < p < 1. Observe that o, — p; =
0,((H/n)”) by (A20), S, = 0,(H'/?), because ES;% < CBy; < H,

and Sy ;—S, , = 0p(1), because E|S,  —
o(1) by (A.16). This, together with

Sy — (1= p) 'S, = Op((H/m)"H + 1) (A.50)

and (A.49) implies (A.47). To show (A.50), let z, ; be as in (A.24).
Then, Sy — (1 = pi) 'S, = ta1 + taz + ta3, Where t,; =

2 ie—ii<h b0 — Ze0.)
h
> P ) Si
k=0

u,t| =< Efuy| ZJ:U—HZ’I by =

tho = Z bijfOJ —

[t—jl<h
o0
— b.v; k Sf
th3 == 4Yj — Pyt
t—j|=h k=ht1

Thus, it suffices to verify that
ta1 = Op((H/n)"H + 1),
To bound t, 1, note that by (A.31), [to.1] < C(Rean +h™") X ji<p

by|Yjnl, where E}° iy bglYinl < CX o j<nby < CH, and

Ren = 0,((h/t)Y) = 0,((H/n)”) by (A.20). This implies (A.51)
for tn,1.
To bound ¢, 5, write

DI ) WURES S S

h
Z pfoek’
j:lt=jl<h k=0 jilt—jl<h k=0
where 6 == Y., by —1;). We shall show that E|6| < Ck,

which implies E|t,5| < Sp_, p*El6] < CY02,p*k < oo,
that proves t;; = 0p(1). Let b;j = byl(li — t| < h). Then

O = D, (b; iy — byu;, and

byl < CkZlb[]_H

< Ck ( Z |bt j41 — bl + bet—n + bt,r+h) < Ck,

lt—jl<h

tho = 0p(1), ty3=0p(1). (AS51)

E|f] < E|u1|Z|bt,+,<

because by’s are bounded and under (2.21), 2;21 |bt j41—bg| < C.
Finally, [to3] < i ji=n Puilyjl + Co"S[. By (2.14) and (A.16),
E Z Ne—il=h brjlyjl = O(1), which together with p" = O(H™!) and

E|S{| < Eluq| Z 1 bnj = O(H) implies t, 3 = 0,(1).

Proof of (A.48). Write (0,,By) 'Byclly = Y i, Xy, where X, :=
(ouBZt)‘1brjuj. Since Xy; is a m.d. sequence, to show the asymptotic
normality (A.48), it suffices to verify conditions (a), (b) and (c) of
(A42). Observe that E )" | X2 = 1. Thus, the claim (a) > 7 | X2
—p 1 follows by the same argument as in the proof of the second
claim in (A.33), while (b) and (c) can be verified arguing as
in(Ad43). O

In the next lemma, SW 0 SYY e E?[ and Ef, . are defined as in

Y
the proof of Theorem 2.4, and G, , Ef,uu ¢ Ogyq » ¥j and il as in
Corollary 2.3 and (A.15).

Lemma A.6. Suppose the assumptions of Theorem 2.4(i) hold and
H = o(n). Then,

> bii(i — o) = 0p((H/mPH + 1),

j=1

(A52)

Sp9.c = Svvie = Op(H/m7H + 1),

e Y (A53)
o5, ay/ = Op((H/n) H4+1),
a}gu t a'\}g’u,t = 0p(H), (A54)

AZ

Yuu t 6\’S?’uu,[ + OP(H) = Op(H).

Proof. Since Assumption 2.3(i) is covered by Assumption 2.3(ii),
it suffices to show (A.52) when y; satisfies Assumption 2.3(ii).
Let h = bH be as in (A.16) and fo = t — h. Write Y"1 by(u
— 1) = 2 gonls -1+ X <pl- - -1 By assumption, max; E| |
< oo, and therefore, E| Yy by(pj — o)l < €Yy o by =
o(1) by (A.16), so the first sum is o,(1). Bound Zu—t\sh bl —
el < 238 bkl igsk — Ml = Sp. Recall t ~ tn and
h = o(n). Assumption 2.3(ii) implies that [k — Wyl =<
|m(ty, k)| + |m(t, k)|, and by the properties of m(ty, k) and
(to, 1), E Yt b, o rilm(to, K)| < C(h/0YP 3 by i < O((h/
£)PH) by (A1), while Y32 by gy 4ili(to, )| = Op((h/0) + h™")
S beggrk = 0,((h/t)PH41). This yields s, = 0,((H/t)PH+1),
which proves (A.52).

Proof of (A.53). By (2.28), y; = w; + y; where y; is an AR(1) pro-
cess with no intercept. Since y; = y; — y; implies Z]';] by = 0,
thenSyy , —Syryie = Yoty byIiFi-1—yyi_i} = XLy by 0j—1 —
) = Yiyi_ i} where Ji(yj—1 — o) =Yy = Jilk—1 — pe) + (4 —
YY1 = (-1 — wo¥i + (W — wo)yi_y + (e — yo)y;_y- Thus,

So9.c = Svrvie = qna + G2 + (e — Ye)n 3, (A.55)

n
Gn,1 = thj(llq—1 — 1)y,

=
n n

G2 =Y _bg(ti— Ly Gnz =Y bgyj ;.
= =

By (2.14) and Assumption 2.3. Eyj/-2 < Cand Eyj2 =E@y; + w)?* <
2Ey;* + 2Ep} < C uniformly in j. Hence, Ej? < 2Ey? + 2Ey; < C
for all j. Thus, the same argument as used in the proof of (A.52) im-
plies gn; = O,((H/n)?H + 1),i = 1, 2. In addition, by (2.26), y; =
Op((H/n)” + H~"/?). Therefore, gn3 = Buy; = Op((H/n)”H +
H”z) while e — e = By Y by(ue — 1) — ¥, = Op((A/m)” +

H~'2) by (A52), (226) and B > y. Hence, (i — ¥e)qns =
Op((H/n)YH + 1) and Sy . — Syrye = Op((H/n)YH + 1). This
completes the proof of the first claim in (A.53). The proof of the
second claim in (A.53) follows using a similar argument.

Proof of (A.54). We verify the first claim. (The second claim fol-
lows using the same argument.) By §7 7 — y> ,uf = (1l —
yj/.quj)2 + 2y} (-1 — y;_,u;) and the Cauchy inequality,

n
~2 2082 ~2 12 2 12 172
| Yut UY’u,t' = 2 :bnjlyj—luj _yj—luj| = o +2q" 1n2>

j=1
2./2
qn,2 = E bnjy] 1]

n
qn1 = Zbﬁj@j—lﬁj —yj/quj)z’
j=1
We will show that g, 1 = 0p(H) and q,,» = 0,(H) which implies
6‘\5&1 - 6—\}’ ut OP(H)
To bound gp 3, notice that y; is an AR(1) process (2.28) with no
intercept. Hence by (2.14), Ey;* < C and Ey;? uf < Ey*, 4+ Eu <
C for all j. Thus, Eqn < CZ - < CH by (A 1), which implies

qn,Z - O (H)

”J
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To bound gy, 1, note that (Jj—11; —y]f_luj)2 <21 —y}_l)zu]-z+
2(f; — w)*y7 ;. Observe that | — uj| = |§ — A1) — O] —
pi-Yi Dl < 9 = il + loi-illyioy = Jiaal + 1oe — pj—allPj-1l-
Thus, (Jj_1ll; — y]/;]uj)z < {1 — y],',1)2 + @ — Y})z}{uf +
1+ 374} + (B — pi-1)°J} ;. To bound the term u? + 1 + j7,
note that by (2.13) and (2.12) one has |y;| < ¢ + lyp| where
& = D oo P¥luj_k| is a stationary process such that E¢? < oo.
Set Ujq == |Llj|I(|Uj| > L), g1 = |§]|I(|§]| > L) where L > 1.
Hence,u? < L 4u?; and J7 = (] —y)* < 4(L* + &% +y5* + 7).
Then (i1 — yj_up)* < C{@j1 —yji-0)* + @ —y)*HL* + 57 +
Yo+ + ¢4+ (b — pi-1)?P} . Thus,

qn1 = C(rn,l + (L2 +J_’? +Y{)2)Tn,z + rn,3),

n
n = Zbﬁj(f)t - Pj—l)zf’;‘_p

=
n n

2= b{@i =y + G =¥ taz= ) blénj.
= =

where &,; = {(Fj-1 — yi-1)* + G — yp*Hu?y + 7). Notice
that r 1, 1,2 do not depend on L and 1,1 = 0,(H), a2 = 0p(H)
which follows using the same argument as in the proof of (A.10)
and (A.52), respectively. For a fixed L, (L? + y? + yi*) = 0,(1) be-
cause Ey? = 0(1) and Ey,?> < co. In addition we show that

H 'ry3—,0, n— oo, L — oo, (A.56)

which, together with the above relations, implies g, 1 = 0,(H). To
bound r, 3, notice that Ey! = E(u; +y)* < 4(En} + Eyj*) < C
by (2.14). Hence, by the Cauchy inequaiity and the stationarity of
uj and g, E&; < C{(Eu}))'* + (E¢?)'?) = C((Euj)'? +

(E¢iDV?) = & — 0asL — oo. Hence, EH '|ry3] < e (H™!
>iLybZ) < Cep — 0asL — ocoby (A1), which proves (A56). O
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