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Abstract

This paper introduces the extended perturbation method, which improves upon stan-
dard perturbation by removing approximation errors under perfect foresight. For the
New Keynesian model, we show that standard perturbation generates explosive sample
paths because it does not account for the upper bound on in�ation as implied by Calvo
pricing. In contrast, extended perturbation generates stable dynamics as it enforces
this bound. Extended perturbation also adds to existing evidence on downward nomi-
nal wage rigidities in the New Keynesian model, as we only �nd support for this friction
when using standard perturbation but not when using the more accurate extended
perturbation approximation.
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1 Introduction

The solution to dynamic stochastic general equilibrium (DSGE) models is frequently approximated

by the perturbation method to obtain higher-order Taylor series expansions of the policy function.

The popularity of this approximation is mainly explained by its ability to i) preserve non-linearities

in the model such as asymmetries, ii) improve parameter identi�cation compared to a linearized so-

lution, and iii) capture e¤ects of uncertainty to explore determinants of risk premia and implications

of uncertainty shocks (see An and Schorfheide (2007), Kim and Ruge-Murcia (2009), Fernández-

Villaverde, Guerrón-Quintana, Rubio-Ramírez, and Uribe (2011), Rudebusch and Swanson (2012),

among others).

Despite the widespread use of second- and third-order perturbation approximations, it is well

known that they often generate explosive sample paths even when the corresponding linearized

solution is stable. The perturbation approximation may also struggle to preserve key properties

of the true solution such as monotonicity and convexity, as emphasized by Den Haan and De

Wind (2012). These �ndings suggest that the second- and third-order perturbation approximations

currently applied in the literature may not always be su¢ ciently accurate. Obtaining fourth- or

even �fth-order expansions are often computationally infeasible and may even in some cases be

insu¢ cient to get an accurate approximation, as shown by Den Haan and De Wind (2012). A

tractable alternative that preserves stability of the true solution, but not necessarily monotonicity,

is to apply a pruning scheme, as proposed by Kim, Kim, Schaumburg, and Sims (2008) for models

approximated to second order and extended to higher order by Den Haan and De Wind (2012),

Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2013), and Lombardo and Uhlig (2014).

The contribution of the present paper is to improve the accuracy and stability of the perturba-

tion approximation by combining it with the Extended Path of Fair and Taylor (1983). This is done

based on a simple, yet powerful, decomposition of the policy function into i) a deterministic com-

ponent under perfect foresight and ii) a stochastic component containing the e¤ects of uncertainty.

The perturbation method is currently applied to approximate both parts of the policy function,

although the perfect foresight component may be approximated with arbitrary precision by the
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Extended Path. Based on this observation, we propose to compute the perfect foresight component

by the Extended Path, whereas the stochastic part of the policy function remains approximated

by standard perturbation. We name this combined solution procedure the extended perturbation

method, which improves accuracy and stability of standard perturbation by removing approxima-

tion errors under perfect foresight. The approximation order in the extended perturbation method

is thus determined by the order of the polynomial used to approximate the stochastic part of the

policy function.

For a second-order approximation, we show that extended perturbation always gives a stable

solution without explosive sample paths, provided the model is stable under perfect foresight.

This result does not generalize beyond second order and we therefore present a stability test to

numerically evaluate if a given approximation is stable.

Using a standard New Keynesian model with Calvo pricing, we then show that extended pertur-

bation achieves higher accuracy than standard perturbation when using third-order approximations.

We also �nd that extended perturbation is stable even when standard perturbation explodes. To

understand this striking di¤erence, we use our stability test to locate the critical state con�gura-

tions that lead to explosive dynamics. This analysis reveals that standard perturbation is unable to

account for the upper bound on in�ation induced by the Calvo pricing at these state con�gurations,

and this leads to an explosive price-in�ation spiral. In contrast, extended perturbation properly

accounts for this upper bound, and this explains why the approximation remains stable even at

these critical state con�gurations.

In an empirical application on the New Keynesian model, we �nally use the extended pertur-

bation approximation to re-examine whether nominal wages are more downwardly than upwardly

rigid. This is an important friction as it may explain why most central banks have a positive

in�ation target (Kim and Ruge-Murcia (2009)) and why nominal wages were largely una¤ected by

the recent �nancial crisis in the U.S. and several European economies despite higher unemployment

rates (see for instance Schmitt-Grohe and Uribe (2013) and Daly and Hobijn (2014)). We model

downward nominal wage rigidity (DNWR) by asymmetric adjustment costs, which make it more

costly for households to reduce than increase nominal wages. However, the asymmetry parameter

in the New Keynesian model is often extremely large, and the model is therefore unlikely to be

well-approximated by a standard second- or third-order perturbation solution, which in turn may
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a¤ect model inference and the resulting policy implications. For instance, Kim and Ruge-Murcia

(2009) estimate the asymmetry parameter to 3; 844, whereas Abbritti and Fahr (2013) consider an

even larger value of 24; 100. Re-estimating the model in Kim and Ruge-Murcia (2009) by simulated

method of moments on an updated dataset, we �nd that standard perturbation at second and third

order implies sizable DNWR, in line with previous �ndings in the literature. However, we somewhat

surprisingly do not �nd any evidence of DNWR when using our more accurate extended perturba-

tion approximation at third order, suggesting that some of the previous �ndings in the literature

may su¤er from non-neglectable approximation errors. The estimates from extended perturbation

therefore imply that the optimal in�ation rate is basically zero in our New Keynesian model, both

under the Ramsey policy and under strict in�ation targeting.

The remaining part of this paper is structured as follows. Section 2 presents the extended

perturbation method, and Section 3 explores the accuracy of this approximation for a standard

New Keynesian model. An e¢ cient implementation of extended perturbation is discussed in Section

4, and Section 5 presents our empirical application. Section 6 concludes. Additional details are

provided in an online appendix, and an accompanying MATLAB package implements the extended

perturbation approximation.

2 The Extended Perturbation Method

We start by presenting the considered class of DSGE models in Section 2.1 and the extended

perturbation method in Section 2.2. The stability of this approximation is then analyzed in Section

2.3. Given that stability can not be guaranteed when using extended perturbation beyond second

order, we �nally present a numerical test for stability in Section 2.4.

2.1 DSGE Models

We consider the broad class of DSGE models which can be expressed as

Et [f (xt;xt+1;yt;yt+1)] = 0; (1)
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where Et denotes the conditional expectation given information available in period t. The state

vector xt with dimension nx � 1 belongs to the set Xx, denoting Borel subsets of Rnx . The control

variables are stored in yt with dimension ny � 1 and yt 2 Xy, where Xy refers to Borel subsets of

Rny . We further let nx + ny = n. The function f maps elements from Xx �Xx �Xy �Xy into Rn,

and we assume that this mapping is at least m times di¤erentiable, where m will be used below to

indicate the approximation order of the model.

We further let xt �
�
x01;t x02;t

�0
, where x1;t contains the endogenous state variables and x2;t

denotes the exogenous states. The dimensions of these vectors are nx1�1 and nx2�1, respectively,

with nx1 + nx2 = nx. The dynamics of x2;t is given by

x2;t+1 = � (x2;t) + ����t+1; (2)

where the function � maps elements from Xx2 into Xx2 and is required to be at least m times

di¤erentiable. The innovations �t+1 2 X� has dimension n�� 1 and are assumed to be independent

and identically distributed with zero mean and a unit covariance matrix, i.e. �t+1 � IID (0; I). We

also require that each element of �t+1 has a �nitemth moment to compute the standard perturbation

approximation up to mth order. The function � must be speci�ed such that it generates a stable

process for x2;t.1 In linear systems, this corresponds to requiring that all eigenvalues of the Jacobian

@�=@x02;t lie inside the unit circle. For non-linear systems, � must satisfy the general stability

condition for nonlinear �rst-order Markov processes provided in Section 2.3.

As in much of the perturbation literature, we focus on models with a unique solution. The

exact solution may then be expressed as (see Schmitt-Grohé and Uribe (2004))

yt = g (xt; �) (3)

xt+1 = h (xt; �) + ���t+1 (4)

1This implies that trends may only be included in the class of DSGE models considered if a given model after
re-scaling has an equivalent representation without trending variables. A similar requirement is needed to apply the
standard perturbation method. The procedure of re-scaling a DSGE model with trends is carefully described in King
and Rebelo (1999).
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The assumption that innovations enter linearly in (2) and (4) is without loss of generality, because

the state vector may be extended to account for non-linearities between xt and �t+1, as shown by

Andreasen (2012b). The perturbation parameter � � 0 scales the square root of the covariance

matrix for the innovations � with dimension nx�n� and enables us to capture e¤ects of uncertainty

in the policy functions. In particular, when � = 0 we get a model under perfect foresight, i.e.

gPF (xt) � g (xt; � = 0) (5)

hPF (xt) � h (xt; � = 0) ;

whereas the model with uncertainty is obtained by letting � = 1. Unfortunately, the policy functions

g and h in (3) and (4) are generally unknown and must be approximated.

2.2 The Extended Perturbation Method

Our paper builds on the observation that the policy functions can be decomposed into

g (xt; �) � gPF (xt) + g
stoch (xt; �) (6)

h (xt; �) � hPF (xt) + h
stoch (xt; �) ;

where gstoch and hstoch capture e¤ects of uncertainty when the perfect foresight component is

removed from the policy function. We also refer to gstoch and hstoch as the stochastic part of the

policy function, as indicated by the superscript. Using (5) we clearly have that the stochastic part of

the policy function is zero under perfect foresight, i.e. gstoch (xt; � = 0) = 0 and hstoch (xt; � = 0) =

0 for all values of xt. This implies that all derivatives of g and gPF solely with respect to the state

variables are identical at � = 0, and similarly for h and hPF . That is,

g (xt; � = 0)xm = gPF (xt)xm for all xt 2 Xx (7)

h (xt; � = 0)xm = hPF (xt)xm for all xt 2 Xx
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for m = f0; 1; 2; :::g ; where subscripts refer to partial derivatives taken m times with respect to xt.

We also note that all derivatives involving the perturbation parameter � are identical for g and

gstoch because � does not appear in gPF , and similarly for h and hstoch. That is,

g (xt; �)xm�j = gstoch (xt; �)xm�j for all xt 2 Xx; � 2 R+ (8)

h (xt; �)xm�j = hstoch (xt; �)xm�j for all xt 2 Xx; � 2 R+

for m = f0; 1; 2; :::g and j = f1; 2; :::g, where subscripts refer to partial derivatives taken m times

with respect to xt and j times with respect to �. Thus, our observations in (7) and (8) imply that

the standard perturbation method can be used to compute gstoch (xt; �)xm�j and h
stoch (xt; �)xm�j

at the steady state, i.e. at xss = xt+1 = xt and � = 0.

Inserting the decomposition in (6) into (3) and (4), the exact solution may be expressed as

yt = gPF (xt) + g
stoch (xt; �) (9)

xt+1 = hPF (xt) + h
stoch (xt; �) + ��"t+1:

Following the work of Guu and Judd (1997), the perturbation method is usually applied to ap-

proximate both
�
gstoch;hstoch

�
and

�
gPF ;hPF

�
at the steady state. However, a �nite Taylor series

expansion of gPF and hPF may generate unnecessary approximation errors, given that gPF and

hPF can be approximated to arbitrary precision by the Extended Path. We therefore suggest to

compute the perfect foresight components gPF and hPF by the Extended Path, whereas the sto-

chastic part of the policy function, i.e. gstoch and hstoch, continues to be approximated by the

standard perturbation method at the steady state. We name this combined solution procedure the

extended perturbation method, which improves accuracy and stability of standard perturbation by

removing approximation errors in the perfect foresight component of the policy function.

The approximation order in the extended perturbation method is determined by the order of

the Taylor series expansion used to approximate gstoch and hstoch. A �rst-order approximation
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simply reproduces the perfect foresight solution, whereas the second-order approximation is

yt = gPF (xt) +
1

2
g���

2 (10)

xt+1 = hPF (xt) +
1

2
h���

2 + ��"t+1:

The third order approximation reads

yt = gPF (xt) +
1

2
g���

2 +
3

6
g��x�

2 (xt � xss) +
1

6
g����

3 (11)

xt+1 = hPF (xt) +
1

2
h���

2 +
3

6
h��x�

2 (xt � xss) +
1

6
h����

3 + ��"t+1:

In (10) and (11) derivatives of gstoch and hstoch known to be zero are omitted for simplicity (see

Schmitt-Grohé and Uribe (2004) and Ruge-Murcia (2012)). Thus, it is straightforward to form the

mth order approximation by the extended perturbation method. The required steps are:

Step 1: Run the standard perturbation method to obtain all required derivatives of gstoch (xt; �)

and hstoch (xt; �) at the steady state to order m. Use these derivatives to construct the

perturbation approximations of gstoch (xt; �) and hstoch (xt; �), denoted ĝstoch (xt; �) and

ĥstoch (xt; �).

Step 2: In any time period, use the Extended Path to compute gPF (xt) and hPF (xt) and ap-

proximate gstoch (xt; �) and hstoch (xt; �) by ĝstoch (xt; �) and ĥstoch (xt; �), respectively.

2.3 Stability of the Extended Perturbation Approximation

We next analyze the stability properties of the process for xt as implied extended perturbation.2

Here, we apply the stability condition in Pötscher and Prucha (1997) for the �rst-order nonlinear

Markov system in (4). To present this condition, iterate (4) forward by k time periods to obtain

xt+k = h
(k) (xt; �t+1; �t+2; :::�t+k�1; �) + ���t+k;

where h(2) (xt; �t+1; �) � h
�
h (xt; �) + ���t+1; �

�
and so forth. Pötscher and Prucha (1997) show

that the system in (4) is stable if h(k) is contracting, which is a much weaker condition than requiring

2Given that the control variables are functions of the states, the stability properties of yt follow from those of xt.
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h (xt; �) to be contracting. Two su¢ cient conditions ensure that the contraction property holds

for h(k). The �rst states that there must exist an integer k � 1 at which

sup

(�����stacnxj=1
"
i0j
@h(k)

@x0

�
xj ;
n
�jd

ok�1
d=1

; �

�#�����
)
< 1; (12)

given xj 2 Xx and �j 2 X�. Here, @h
(k)

@x0

�
xj ;
n
�jd

ok�1
d=1

; �

�
is an nx � nx Jacobian matrix evaluated

at
�
xj ;
n
�jd

ok�1
d=1

�
, and jAj denotes the norm given by the square root of the largest eigenvalue of

the matrix product A0A. The vector ij is the j�th column in the nx � nx identity matrix, and the

stac-operator creates a matrix using the rows shown as arguments to the operator.3 Hence, the

condition in (12) states that for a su¢ ciently large integer k, the largest norm of @h(k)=@x0 must be

strictly smaller than one for all values of xt and �t in their feasible domains. The second condition

for h(k) to display the contraction property is much weaker than (12) and given by

sup

(�����@h(k)@�0l

�
x; f�dgk�1d=1 ; �

������
)
<1; (13)

where x 2 Xx and �d 2 X� for l = 1; 2; :::; k � 1. It is clear that this second condition holds for

basically all smooth approximations to DSGE models if xt is �nite. We therefore focus on (12) in

our subsequent discussion and leave (13) as a technical regularity condition.

Before analyzing the extended perturbation approximation, it is useful to study the stability

properties of the perfect foresight solution. As emphasized by Boucekkine (1995), the perfect

foresight solution can only be obtained for DSGE models that are stable under perfect foresight.4

This stability requirement means that the state process under perfect foresight xPFt is stable,

where xPFt evolves as xPFt+1 = hPF
�
xPFt

�
+ ���t+1. In other words, h

PF satis�es condition (12)

and explosive sample paths for xPFt do not appear.

We next analyze the stability of extended perturbation when gradually increasing the approx-

imation order, i.e. the Taylor expansion of hstoch. For this analysis, it is useful to write the

extended perturbation approximation as xt+1 = hExPer (xt; �) + ��"t+1, where h
ExPer (xt; �) �

3For instance, let aj denote the j�th row of an m�n matrix A, then stacmj=1aj = A. The stac-operator is used in
(12) to allow rows in @h(k)=@x0 to be evaluated at di¤erent points, as indicated by the superindex j on the arguments
at which @h(k)=@x0 is evaluated.

4This assumption may be tested using the procedure in Boucekkine (1995).
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hPF (xt) + ĥ
stoch (xt; �). In a �rst-order approximation, there is no correction for uncertainty

because ĥstoch = 0, meaning that extended perturbation reduces to the stable perfect foresight

solution.

In a second-order approximation, there is a constant correction for uncertainty as ĥstoch =

1
2hss�

2. This means that partial derivatives of hExPer with respect to the state variables are equal

to those of hPF for all values of xt, implying that the stability condition (12) also holds for hExPer.

Accordingly, the extended perturbation method at second order guarantees a stable approximation

because the uncertainty correction only re-centers the stable perfect foresight solution.

In a third-order approximation, the uncertainty correction is a linear function of the state

variables as seen in (11). This implies that partial derivatives of hExPer di¤er from those of hPF

and the stability condition (12) can not be guaranteed to hold for hExPer, although it is satis�ed

for hPF . In other words, the process for xt does not necessarily inherit stability from the perfect

foresight solution, because h��x may generate instability if the linear approximation of hstoch is

insu¢ ciently accurate. Given that the uncertainty correction typically is small in most DSGE

models, we expect that most approximations by extended perturbation will be stable.

Going beyond third order, the stochastic component of the policy function is approximated

more accurately and this reduces the risk of getting unstable state dynamics with the extended

perturbation method. However, as at third order, we can not guarantee a stable approximation,

because partial derivatives of ĥstoch may violate the stability condition in (12) for hExPer although

satis�ed for hPF .

2.4 Testing for Stability

Given that extended perturbation does not necessarily provide a stable approximation, it seems

useful to have a test to determine if a given approximation is stable or not. The test we propose

applies to any approximation of DSGE models within the considered class and builds on two

simplifying assumptions to get an operational version of the stability condition in (12). We �rst

propose to only evaluate (12) on a sparse grid containing extreme state values since unstable

dynamics are most likely to appear at such points. To construct the grid, let Si = flxi ; uxi g for

i = 1; 2; :::; nx contain the lower bound lxi and the upper bound u
x
i of the ith state variable. The
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values of flxi ; uxi g
nx
i=1 should cover the region where the approximation is used.

5 We then form the

Cartesian set Sx� S1 �S2 � :::�Snx which has 2nx elements. Our second simplifying assumption

is only to consider the stability condition in (12) when the rows in @h(k)=@x0 are evaluated at the

same point.6

Given these simplifying assumptions, the stability condition in (12) reduces to the testable

requirement that h(k) is contracting if there exists an integer k � 1 such that

max

(�����@h(k)@x0

�
x;
n
�
(v)
d

ok�1
d=1

; �

������ ; for all x 2 Sx and v = 1; 2; :::;M
)
< 1: (14)

Here, each point in Sx is evaluated using M sample paths of the innovations
n
�
(v)
d

ok�1
d=1

to avoid

that a non-stable system satis�es the contraction condition just because of a "fortunate" sample

path for the innovations. The test may be carried out for di¤erent values of k and M. Some

guidance on a reasonable value of k may be obtained by implementing the test on a stable linear

solution.7 We generally recommend using a fairly large value of k, say 100 or 500, because it is

easier for h (xt; �) to display the contraction property when iterated many periods forward in time.

It should �nally be emphasized that this stability test is not limited to the extended perturbation

approximation, but may also be used for other approximations, including standard perturbation as

shown in Section 3.

Another method commonly used to detect unstable approximations is to simulate multiple

sample paths and see if any of these simulations explode. Compared to this brute force approach,

our stability test is computationally less demanding and, more importantly, allows the researcher

to locate critical state con�gurations, where the approximation might explode. As we will show

below in Section 3, such information is valuable because it may allow the researcher to understand

why a given approximation is unstable.

5Guidance on how to set these bounds may be obtained from unconditional moments or extreme values in a
simulated sample using the extended perturbation approximation.

6At the expense of increasing the computational cost of the test, it is obvious that a �ner grid for the state variables
may be considered and that rows in @h(k)=@x0 could be evaluated at di¤erent points.

7Given that the Jabocian @h(k)=@x0 is computed by numerical di¤erentiation, the most e¢ cient implementation

of the test is to evaluate
���@h(jx)=@x0��� by gradually increasing jx and then stop for a given x 2 Sx when the condition

is met, even though jx may be less than a pre-determined value of k. If max
n
fjxgx2Sx

o
< k, then the stability

condition in (14) is satis�ed.
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3 A New Keynesian Model

We next explore the accuracy and stability of standard and extended perturbation using a New

Keynesian model with price stickiness as in Calvo (1983). Two reasons motivate our choice of

model. First, the New Keynesian model with Calvo pricing is one of the most popular DSGE

models in the literature. Second, and perhaps somewhat surprisingly, some dimensions of this New

Keynesian model are highly non-linear even for a standard calibration. The strong nonlinearities

in the model also imply that standard perturbation at third order easily generate explosive sample

paths, suggesting that unstable approximations are not only obtained at extreme calibrations, as

found in Den Haan and De Wind (2012) for the neoclassical growth model.8 Following the standard

precedure in the literature, we adopt a log-transformation and study the performance of standard

and extended perturbation at third order. We proceed by describing the New Keynesian model in

Section 3.1, before studying accuracy in Section 3.2 and stability in Section 3.3.

3.1 Model Description

A representative household maximizes

Ut = Et

1X
l=0

�l

 
c
1��2
t+l
1��2

+ �0
(1� ht+l)1��1

1� �1

!
; (15)

where ct is consumption and ht is labor supply. In addition to a no-Ponzi-game condition, the

optimization is subject to the real budget constraint

ct + bt + it = htwt + r
k
t kt +

Rt�1bt�1
�t

+ divt; (16)

where resources are allocated to consumption, one-period nominal bonds bt, and investment it.

Letting wt denote the real wage and rkt the real price of capital kt, the household receives i) labor

income wtht, ii) income from capital services sold to �rms rkt kt, iii) payo¤s from bonds purchased

in the previous period Rt�1bt�1=�t, and iv) dividends from �rms divt. Here, �t � Pt=Pt�1 is

gross in�ation and Rt is the gross nominal interest rate. The optimization of (15) is also subject

8For comparability with much of the existing literature on numerical approximation methods, our online appendix
contains an accuracy and stability analysis of standard and extended perturbation on the neocloassical growth model.
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to the law of motion for capital kt+1 = (1� �) kt + it � �
2

�
it
kt
�  

�2
kt, where � � 0 introduces

capital adjustment costs based on ii=kt as in Jermann (1998). The constant  ensures that these

adjustment costs are zero in the steady state.

We consider a perfectly competitive representative �rm that produces �nal output using yi;t and

the production function yt =
�R 1
0 y

(��1)=�
i;t di

��=(��1)
with � > 1. This generates the demand function

yi;t =
�
Pi;t
Pt

���
yt for the ith input yi;t, where Pt =

hR 1
0 P

1��
i;t di

i1=(1��)
denotes the aggregate price

level and Pi;t is the price of the ith good.

The intermediate goods are produced by monopolistic competitors using the production func-

tion yi;t = atk
�
i;th

1��
i;t , where technology at evolves as log at+1 = �a log at + �a�a;t+1 with �a;t+1 s

NID (0; 1). The ith �rm sets Pi;t, hi;t, and ki;t by maximizing the present value of dividends.

Beyond a no-Ponzi-game condition, the �rm must satisfy demand for the ith good. When setting

prices, we follow Calvo (1983) and assume that only a fraction � 2 [0; 1) of �rms set their prices

optimally, with the remaining �rms letting Pi;t = Pi;t�1.

Finally, monetary policy is determined by the Taylor-rule

log

�
Rt
Rss

�
= �R log

�
Rt�1
Rss

�
+ (1� �R)

�
�� log

�
�t
�ss

�
+ �y log

�
yt
yss

��
; (17)

based on a desire to close the in�ation gap log
�
�t
�ss

�
and the output gap log

�
yt
yss

�
, subject to

smoothing changes in the policy rate with �R 2 [0; 1).

We adopt a relative standard parametrization for a quarterly model, where households have an

intertemporal elasticity of substitution of 0:5 (�2 = 2), allocate one third of their time endowment

to labor in steady state (hss = 0:33), and have a Frisch labor supply elasticity of 1 (�1 = 2). Firms

reset prices once a year on average (� = 0:75) and impose an average markup of 20% (� = 6). The

main objective of the central bank is to stabilize in�ation (�� = 1:5, �y = 0:125) around �ss = 1:00,

subject to smoothing changes in the policy rate (�R = 0:8). The parametrization is summarized in

Table 1.
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3.2 Accuracy Analysis

Our New Keynesian model can be summarized by the four control variables
�
ct; it; �t; x

2
t

�
, where

x2t denotes an auxiliary variable for the recursive representation of �rms��rst-order conditions with

respect to the optimal price. These control variables are a function of the states (Rt�1; kt; st; at),

with st denoting the price dispersion index linked to the Calvo pricing. One way to display these

policy functions is to condition on representative values for the �rst three state variables, and plot

the control variables as a function of the remaining state variable, i.e. technology. This exercise

reveals that some of the largest di¤erences between the approximation methods appear for a low

nominal interest rate, a low capital stock, and a high value of the price dispersion index as the

model here displays strong non-linearities. To conserve space, we therefore focus on this state

con�guration in Figure 1, before studying accuracy on a grid covering the entire state space.

The �rst chart of Figure 1 shows that extended perturbation captures most of the non-linear

pattern in the policy function for consumption as opposed to standard perturbation when the level

of technology is low. Extended perturbation therefore displays smaller errors with low values of

technology (charts to the right in Figure 1), whereas the two methods display roughly similar

performance for higher levels of technology. The accuracy of the two perturbation solutions is

evaluated using a highly accurate 12th-order projection approximation, considered as a stand-in

for the true solution.9 The plots for the remaining control variables also reveal that there in general

is a signi�cant gain in accuracy from using extended instead of standard perturbation, in particular

for investment and the auxiliary control variable x2t .

< Figure 1 about here >

To analyze accuracy on the entire state space, Table 2 reports root mean squared errors (RMSEs)

for the considered approximation methods on a grid with 20 points uniformly spaced along each

dimension of the state variables, giving a total of 204 = 160; 000 points. The RMSEs are computed

using log
�
zt=z

true
t

�
= ẑt � ẑtruet , where zt �

�
ct; it; �t; x

2
t

	
and the true solution is given by the

projection approximation. We �nd that standard perturbation at third order is more accurate

than a log-linearized approximation but is generally outperformed by the perfect foresight solution.

Adding an uncertainty correction to the perfect foresight solution further improves accuracy, and
9See the online appendix for further details.
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extended perturbation therefore delivers the best overall approximation to the four control variables.

Notable improvements in RMSEs from using extended instead of standard perturbation appear for

investment (0:0088 vs. 0:0172) and the auxiliary control variable (0:0387 vs. 0:0558).

< Table 2 about here >

We also study accuracy on a simulated sample path of 20; 000 observations (with a burn-in

of 1; 000 observations) using the same set of innovations for technology f�a;tg20;000t=1 in all of the

approximations. Table 3 shows that extended perturbation at third order also in this setting is

more accurate than standard perturbation. To explain where some of this gain in accuracy is

coming from, Table 3 also reports the RMSEs for a modi�ed version of the standard perturbation

solution, where the approximated transition function for st in the simulation is replaced by the

exact expression, i.e.

st+1 = (1� �)
1

1��
h
1� ����1t

i �
��1

+ ���t st: (18)

That is, the price dispersion index is computed using (18) with �t = �3rdt , i.e. in�ation from the

third-order perturbation approximation. Under the label "Perturbation: 3rd order, exact st" in

Table 3, we �nd that using the exact transition function for st lowers the RMSEs for all control

variables, because we more accurately track the non-linear evolution in st.10 Extended perturbation

also includes the exact transition function for st and additional non-linearities for the control

variables (although only under perfect foresight), and this explains why extended perturbation

outperforms this modi�ed perturbation approximation. We also note that extended perturbation is

more accurate than the pruned third-order perturbation approximation of Andreasen, Fernandez-

Villaverde, and Rubio-Ramirez (2013) which always ensures stability. The second part of Table

3 reports quarterly means and standard deviations in the simulated samples. All methods do

well in matching the means, whereas we �nd minor negative biases in the standard deviations

compared to the projection method where extended perturbation has smaller approximation errors

than standard perturbation.

< Table 3 about here >
10Unreported results show that using the exact transition function for all endogenous state variables in combination

with the standard third-order perturbation approximation of the control variables do not deliver a further improvement
in accuracy.
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3.3 Stability Analysis

This section uses our stability test from Section 2.4 to study the dynamic properties of standard

and extended perturbation and to understand why a given approximation may be unstable. To

run the stability test for the New Keynesian model, we �rst construct the set Sx with extreme

state con�gurations. The bounds for ât are given by �3 standard deviations of technology, while

bounds for the two endogenous state variables
�
R̂t�1; k̂t

�
are set to �4 standard deviations in a

log-linearized solution, and hence slightly wider than for technology to account for e¤ects of non-

linearities. The price dispersion index ŝt is constant in a log-linearized solution without steady-

state in�ation, and we therefore use a simulated sample path of extended perturbation to guide

our bounds of �0:005 and 0:05. Using this speci�cation of Sx, we �nd that standard perturbation

at third order passes our stability test with k = 150 andM = 50. We also �nd that the extended

perturbation at third order is stable with k = 100 andM = 50.

Although standard perturbation at third order displays stable dynamics for the considered

speci�cation, the approximation is fragile to even minor modi�cations. We illustrate this point by

increasing gross in�ation in the steady state �ss from 1:00 to 1:0015, giving an annual steady-state

in�ation rate of 0:6%. The bounds for
�
R̂t�1; k̂t; ât

�
in the set Sx are determined using the same

procedure as in our benchmark speci�cation, and we increase the upper bound of ŝt to 0:10. Our

stability test reveals that extended perturbation at third order remains stable, whereas a third-

order standard perturbation approximiation now induces unstable dynamics.11 This implies that

the explosive behavior of standard perturbation must be due to approximation errors in the perfect

foresight component of the policy function, as standard and extended perturbation rely on the

same approximation to the stochastic part of the policy function. An inspection of the 24 = 16

extreme state con�gurations in Sx reveals that it is only when we simultaneously have a low nominal

interest rate, a low capital stock, a high price dispersion index, and a low technology level that the

approximation explodes when iterated forward in time to evaluate the contraction condition.12

To understand why standard perturbation displays unstable dynamics with �ss = 1:0015, con-

11This result is con�rmed by simulating repeated sample paths using a standard third order perturbation approx-
imation.
12At this critical state con�guration, we interestingly �nd for extended perturbation both with �ss = 1:00 and

�ss = 1:0015 that h is contracting without iterating this function forward in time. This means that the number of
considered sample pathsM in the stability test is irrelevant at this state con�guration for extended perturbation.
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sider Figure 2 plotting the policy function for in�ation and the transition equation for ŝt at this

state con�guration. The bottom chart to the left shows that in�ation in a standard perturbation

approximation increases sharply for higher values of ŝt. This in turn leads to even higher value of

the price dispersion index in the next period ŝt+1, as seen in the middle chart. This then increases

�̂t+1, which in turn increases ŝt+2 and so on. That is, the standard perturbation approximation

generates a price-in�ation spiral, which eventually leads to explosive dynamics. In contrast, in�a-

tion increases only slowly in ŝt with extended perturbation, because this approximation accounts

for the upper bound (1=�)1=(��1) on in�ation, which is implied by the Calvo pricing. This observa-

tion follows from (18), as the term
h
1� ����1t

i �
��1

implies complex numbers for in�ation beyond

(1=�)1=(��1). Accounting for the upper bound on in�ation ensures broadly the same moderate

increase in ŝt+1 for higher values of ŝt as in the true solution (i.e. the projection approximation)

and explains why extended perturbation generates stable dynamics.13

A careful inspection of Figure 2 also reveals that the policy functions for �̂t and ŝt+1 in standard

perturbation at third order are nearly identical for �ss = 1:00 and �ss = 1:0015 when considered

at a given value of ŝt. The same applies for extended perturbation at third order. Hence, the main

e¤ect from introducing steady-state in�ation is that the distribution of ŝt shifts to the right and

attains an even longer right tail, as shown in the third column of Figure 2. This in turn makes it

more likely that we see su¢ ciently high values of ŝt that start a price-in�ation spiral in the standard

perturbation approximation and generate explosive dynamics.

< Figure 2 about here >

Thus, our analysis reveals that high values of the price dispersion index st play an important role

in generating explosive dynamics in the New Keynesian model when using standard perturbation

at third order. This also means that various modi�cations to the New Keynesian model that lowers

the degree of price dispersion in the model should reduce the probability of explosive sample paths

with standard perturbation. Omitting steady state in�ation is one way to reduce st as shown above,

but one could also adopt price-indexation for non-optimizing �rms by letting Pi;t = Pi;t�1�t�1 as

in Christiano, Eichenbaum, and Evans (2005) or increase �� to consider a more aggresive central

bank with respect to closing the in�ation gap.
13We conjecture that the presence of the upper bound on in�ation explains the relative high approximation order

needed with the projection method to obtain a su¢ ciently accurate approximation.
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4 An E¢ cient Implementation of Extended Perturbation

Having documented the gain in accuracy and stability from extended perturbation, we next address

its computational costs. The �rst step of extended perturbation involves computing derivatives of

the model at the steady state, as outlined in Section 2.2. This can be done within a few seconds

for third order approximations as shown in Binning (2013), and Levintal (2016) provides e¢ cient

codes up to �fth order. A computationally more demanding aspect of extended perturbation is to

obtain the perfect foresight component of the policy function by the Extended Path, as it requires

solving a large �xed-point problem. Although this �xed-point problem typically is solved within a

few iterations using the Newton-Raphson algorithm, the computational burden may nevertheless

be substantial if the perfect foresight solution is called repeatedly, for instance when simulating a

long sample path.

We address this potential concern in Appendix A, where we greatly improve the numerical

e¢ ciency of Extended Path by i) deriving good starting values using a standard perturbation

approximation at third order, ii) appropriately setting its terminal condition, and iii) occasionally

using the standard perturbation approximation to the perfect foresight component of the policy

function if it is su¢ ciently accurate. The latter means that we only use the Extended Path to

compute gPF (xt) and hPF (xt) when xt is far from the steady state or if the model is very non-linear

along some dimensions of the state space. Appendix A shows that the three improvements may

be combined to substantially reduce the computational cost of extended perturbation. Depending

on the required degree of precision, we are able to simulate 1; 000 draws from a medium-sized

New Keynesian model with nine state variables in 10 to 20 seconds using MATLAB on a standard

desktop. Further details on each of these improvements are provided in Appendix A.

5 Application: The Level of Downward Nominal Wage Rigidity

The previous section implies that the computational costs of extended perturbation are modest

even for medium-sized DSGE models, and it is therefore possible to include the approximation in

existing estimation routines for non-linear DSGE models (see Du¢ e and Singleton (1993), Smith

(1993), Fernández-Villaverde and Rubio-Ramírez (2007), Ruge-Murcia (2012), among others). We

illustrate this appealing property of extended perturbation in this section by re-estimating the

18



New Keynesian model in Kim and Ruge-Murcia (2009) to obtain new insights about the degree

of downward nominal wage regidity (DNWR). We proceed as follows. Section 5.1 starts with a

brief summary of the model in Kim and Ruge-Murcia (2009) using our notation from Section 3.1.

The adopted dataset and estimation methodology are described in Section 5.2. Our estimation

results are presented in Section 5.3 and their robustness is explored in Section 5.4. Based on these

estimates, we �nally compute the optimal in�ation target in Section 5.5.

5.1 A New Keynesian Model with DNWR

Households are indexed by n 2 [0; 1] and described by

Un;t = Et

" 1X
s=0

�sdt+s

 
c
1��2
n;t+s

1� �2
� �0hn;t+s

!#
; (19)

where dt denotes preference shocks evolving as log dt+1 = �d log dt + �d�d;t with �d;t s NID (0; 1).

In contrast to the New Keynesian model in Section 3.1, we now assume that the nth household has

some di¤erentiated job skills and that it supplies labor to a continuum of �rms indexed by i 2 [0; 1].

Thus, the household has some monopolistic market power and is therefore able to set both the

nominal wage level Wn;t and hn;t subject to �rms� labor demand given by hn;t =
�
Wn;t

Wt

���
hdt ,

where � controls the elasticity of demand for labor. Here, hn;t �
R 1
0 hn;i;tdi denotes the aggregate

labor supply from household n and hdt �
R 1
0 hi;tdi refers to the aggregated labor demand by the

�rms. The households are further assumed to face adjustment costs when changing the nominal

wage level Wn;t. As in Kim and Ruge-Murcia (2009), we consider the speci�cation

�n;t =
�

 2

�
exp

�
� 

�
Wn;t

Wn;t�1
� 1
��

+  

�
Wn;t

Wn;t�1
� 1
�
� 1
�

(20)

with � � 0. Hence,  controls the degree of asymmetry in the these costs, which collapses to the

standard quadratic speci�cation when  ! 0.

The ith �rm produces a slightly di¤erentiable good yi;t using yi;t = ath
1��
i;t , where the labor

contribution from the households is hi;t =
hR 1
0 h

(��1)=�
n;i;t dn

i �
��1
. Cost minimization then implies

hn;i;t =
�
Wn;t

Wt

���
hi;t, where Wt �

hR 1
0W

�(��1)
n;t dn

i� 1
��1
. Product di¤erentiation gives each �rm

some monopolistic power to set its own price Pi;t, which is done subject to standard quadratic
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adjustment costs 2

�
Pi;t
Pi;t�1

� 1
�2
per production unit.

Finally, the monetary policy is conducted according to the Taylor-rule

log

�
Rt
Rss

�
= �R log

�
Rt�1
Rss

�
+ (1� �R)

�
�� log

�
�t
�ss

�
+ �h log

�
ht
hss

��
: (21)

5.2 Data and Estimation Methodology

We use the same �ve quarterly data series as in Kim and Ruge-Murcia (2009) but updated to

2015Q1. That is, we consider U.S. data from 1964Q2 to 2015Q1 (T = 204) for i) real consumption

per capita, ii) hours worked, iii) quarterly CPI in�ation, iv) quarterly wage in�ation, and v) the

nominal interest rate. All variables are stored in datat with dimension 5 � 1. For compatibility

with Kim and Ruge-Murcia (2009), all series are log-transformed and linearly detrended prior to

the estimation. As in Kim and Ruge-Murcia (2009), the considered moments are the variances, the

contemporaneous covariances, and the �rst auto-covariances for each of the series. Hence, we let

qt�

264 vec
�
datatdata

0
t

�
diag

�
datatdata

0
t�1
�
375 ; (22)

where diag (�) denotes the diagonal elements of a matrix. Letting � contain the model parameters,

the objective function for simulated method of moment (SMM) following Du¢ e and Singleton

(1993) is then

QSMM (�) =

 
1

T

PT
t=1 qt �

1

�T

�TX
t=1

qt (�)

!0
WT

 
1

T

PT
t=1 qt �

1

�T

�TX
t=1

qt (�)

!
;

with the estimator given by �̂SMM = argminQSMM (�). Here, 1
T

PT
t=1 qt denotes the empirical

moments, and 1
�T

P�T
t=1 qt (�) are the model-implied moments computed from a simulated sample

path of �T observations with � = 10. We adopt the conventional 2-step implementation of SMM and

use a diagonal weighting matrixWT based on the variance of the sample moments in a preliminary

�rst step, before obtaining our �nal estimate �̂ using the optimal weighting matrix.14

For comparability with Kim and Ruge-Murcia (2009) we choose the same split between esti-

14The weigthing matrices are in both steps computed by the Newey-West estimator using 4 (T=100)2=9 lags as done
in the codes accompanying Kim and Ruge-Murcia (2009).
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mated and calibrated parameters in the model and adopt their calibrated values. Hence, we let

� = 1=3, � = 0:997, � = 11, � = 3:5, �0 = 1:00, and �ss = 1:00.

5.3 Estimation Results

As a useful benchmark, we �rst consider the standard speci�cation with symmetric nominal wage

adjustment costs by letting  ! 0. Panel A in Table 8 shows the estimation results for this

version of the New Keynesian model using standard perturbation at second and third order as

well as extended perturbation at third order. To ensure stability of standard perturbation, we

apply the pruning scheme of Kim, Kim, Schaumburg, and Sims (2008) at second order and the

scheme suggested by Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2013) at third order.

The structural parameters attain fairly standard values for all approximations, as we �nd sizable

adjustment costs in prices and wages and a central bank that assigns more weight to stabilizing

in�ation than economic activity. We also note that the di¤erence in the estimates across the three

approximations are fairly small, indicating that this version of the New Keynesian model does

not display strong non-linearities and is therefore well-approximated by a standard second-order

perturbation approximation.

< Table 8 >

We next consider Panel B in Table 8, where  is included in the set of estimated parameters.

Using standard perturbation at second order, the parameter controlling the degree of DNWR is

 = 3; 519 with a standard error of 2; 116. A one-sided t-test of no wage asymmetry gives a

P-value of 4:82%, meaning that at the 5% signi�cance level there is evidence of DNWR based

on this approximation. Kim and Ruge-Murcia (2009) draw the same conclusion using the same

approximation, although they use a shorter sample ending in 2006Q2.

The empirical support for DNWR is even stronger when using standard perturbation at third

order, where  = 6; 386 with a standard error of 1; 873. To quantify the importance of DNWR for

the ability of the New Keynesian model to �t the data, Table 8 also reports the objective functions

from our two-step SMM procedure. Only the objective functions from the �rst step use the same

weigthing matrix and are therefore comparable across models. These objective functions reveal
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that DNWR induces a small improvement in the model�s ability to �t the data as Qstep1SMM = 0:77

compared to Qstep1SMM = 2:32 without DNWR.

The �nal column in Table 8 shows the results from estimating the New Keynesian model with

DNWR by extended perturbation at third order. We somewhat surprisingly �nd that there is no

support for DNWR with this more accurate approximation as  = 0:000.15 Given that we estimate

the same model on the same dataset, the di¤erent estimates of DNWR must be related to the

accuracy of the three approximations. Figure 4 therefore plots the exact and the approximated value

of the adjustment costs in (20) as well as their marginal costs at the estimated values from standard

perturbation at second and third order. The �gure shows that these approximations are simply not

able to capture the strong degree of non-linearity in the adjustment cost function and hence properly

include e¤ects of DNWR in the approximated solution.16 In contrast, extended perturbation is able

to capture such strong non-linearities under perfect foresight, but may introduce sizable errors in

the stochastic part of the policy function. However, the presence of large approximation errors in

the stochastic part of the policy function seem very unlikely for our version of the New Keynesian

model, given that the households in (19) have linear disutility of labor and therefore are risk-neutral

(see Swanson (2012)). A conjecture which is supported by the very small elements in (g��;h��)

and (g��x;h��x) from the standard perturbation approximation.

A much more likely explanation for the lack of DNWR in the estimates from extended pertur-

bation is o¤ered by Figure 5, which shows the detrended time series of nominal wage in�ation used

in the estimation. According to this time series, the U.S. economy has experienced frequent spells

of both positive and negative nominal wage in�ation, with 52:9% of the observations representing a

fall in nominal wages. This may help to explain why we do not �nd sizable DNWR when estimated

by extended perturbation, because strong DNWR would make it hard for our New Keynesian model

to generate frequent spells of negative nominal wage in�ation as observed in the data.

< Figure 5 about here >

15The estimates from Panel A were used as starting values for the optimization, but allowing for  > 0 did not
improve the �t. We also tried repeately to set the initial value of  to 50 or even larger values, but the optimizer (e.g.
the Nelder-Mead simplex routine) never found a better value for the object function than the reported estimates.
16We should emphasize that this �nding does not imply that standard perturbation never should be apply to the

cost function in (20). For instance, if  is lowered to 100 and the value of � is unchanged compared to Table 8, then
standard perturbation at second and third order actually provide a fairly accurate approximation.
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5.4 Robustness Analysis

Based on Figure 5 it seems natural to explore whether the lack of DNWR when using extended

perturbation is explained by the adopted de-trending procedure of nominal variables in our analysis.

Hence, we next re-estimate the New Keynesian model without de-trending in�ation, nominal wage

in�ation, and the nominal interest rate prior to the estimation as done in Section 5.3. Instead, the

mean of these three variables are now included in the set of moments for SMM, where �ss also is

added to the estimated parameters to give the model a fair chance of matching these unconditional

means. However, unreported estimation results show that our results are robust to including a

nominal trend, as we also for this alternative speci�cation do not �nd evidence of DNWR when

using extended perturbation at third order.

Another explanation for the lack of DNWR might be that the considered moments in (22)

are symmetric in their arguments, and hence may be unable to adequately capture any asymme-

try in nominal wages. To explore this possibility, we next let W gr
t � � logWt denote nominal

wage growth and extend the set of moments in (22) by E
h
1fW gr

t �0gW
gr
t

i
, E

h
1fW gr

t <0gW
gr
t

i
,

E
h
1fW gr

t �0g (W
gr
t )

2
i
, and E

h
1fW gr

t <0g (W
gr
t )

2
i
. For comparability with our benchmark analysis

in Section 5.3, all nominal variables are detrended prior to the estimation as described in Section

5.2. However, the estimation results once again show no evidence of DNWR as  = 0:000, despite

including these four additional moments tailored to capture any nominal wage asymmetry.

5.5 The Optimal In�ation Target

Finally, we compute the optimal monetary policy by solving the Ramsey problem for the estimates

reported in Table 8. That is, the interest rate is no longer given by (21) but determined by optimiz-

ing the utility function in (19) subject to the resource constraint and the �rst order conditions for

the households and �rms. The optimal in�ation rate implied by the Ramsey policy is then given

by the unconditional mean of in�ation which we compute by simulation using a sample path of �T

observations as in Section 5.3.

For standard perturbation at second order, the optimal annual in�ation rate is 0:03%, which

is somewhat lower than the optimal level of 0:35% found in Kim and Ruge-Murcia (2009). This

di¤erence is almost entirely explained by our high estimate of �2nd = 1; 072:8, as the optimal
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in�ation rate increases to 0:31% if let � = 280:4 as found in Kim and Ruge-Murcia (2009) using

a somewhat shorter sample. For the standard perturbation at third order, the annual optimal

in�ation rate is basically zero (0:003%), which is not too surprising given the very high estimate of

�3rd = 5; 082:9.17 In the case of extended perturbation, the annual optimal in�ation rate is 0:001%,

which is to be expected given the lack of DNWR for these estimates.

As a supplement to the optimal in�ation rate for the Ramsey policy, we also report the utility

maximizing level of �ss under strict in�ation targeting. Conditioning on the estimated values,

standard perturbation at second order implies �ss = 1:0021, which corresponds to an annual

in�ation target of 0:84%. This in�ation level is thus very close to the 0:75% per year found in

Kim and Ruge-Murcia (2009) for strict in�ation targeting. For the standard perturbation at third

order, we �nd �ss = 1:0015 under strict in�ation targeting, which is equivalent to an annual

in�ation rate of 0:60%. Finally, for extended perturbation at third order, the optimal in�ation rate

is �ss = 1:0003.

Based on these �ndings we conclude that the three estimates of the New Keynesian model all

predict zero in�ation under the Ramsey policy, whereas the policy recommendations di¤er under

strict in�ation targeting.

6 Conclusion

This paper introduces the extended perturbation method which improves the accuracy and stabil-

ity of standard perturbation by using a better approximation to the perfect foresight component

of the policy function. For the New Keynesian model with Calvo pricing, we show that extended

perturbation achieves higher accuracy than standard perturbation. We also show that the gain in

accuracy is su¢ cient to generate stable approximations by extended perturbation when standard

perturbation explodes. Our results therefore suggest that the explosive behavior of standard pertur-

bation reported in the literature may be related to inaccuracies in the perfect foresight component

of the policy function and may be eliminated by using extended perturbation. To reduce the com-

putational costs of implementing extended perturbation, we also introduce several improvements

of the Extended Path which substantially lowers execution costs and makes extended perturbation

17Using � = 280:4 as found in Kim and Ruge-Murcia (2009), we get an annual optimal in�ation rate of 0:90%.
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feasible for estimation.

In an empirical application, we use a New Keynesian model to re-examine whether nominal

wages are more downwardly than upwardly rigid. When using standard perturbation at second

and third order we �nd sizable DNWR, but not when using our more accurate extended pertur-

bation approximation at third order. This suggests that some of the previous �ndings on DNWR

in the literature may su¤er from non-neglectable approximation errors. Despite the di¤erent esti-

mates of DNWR, the preferred in�ation rate is zero under the Ramsey policy, whereas the policy

recommendations di¤er under strict in�ation targeting.
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A Numerical E¢ ciency of Extended Perturbation

This appendix presents several ways to reduce the time spent computing the perfect foresight
component of the policy function in extended perturbation. That is, the focus of this appendix is
entirely devoted to the perfect foresight solution.

A.1 Expanding the New Keynesian Model

Given that many non-linear solution methods either perform poorly or become infeasible in large
models, we �rst extend our model from Section 3 to study the computational complexity of extended
perturbation on a fairly large model. We therefore replace the utility function in (15) by

Ut = Et

1X
l=0

�ldt+l

 
(ct+l � bct�1+l)1��2

1��2
+ �0

(1� ht+l)1��1
1� �1

!
;

where b introduces external habit formation and dt are preference shocks evolving as log dt+1 =
�d log dt+�d�d;t with �d;t s NID (0; 1). We also augment (17) with monetary policy shocks �R�R;t
where �R;t s NID (0; 1), and introduce investment speci�c shocks et by replacing (16) with

ct + bt + it=et = htwt + r
k
t kt +

Rt�1bt�1
�t

+ divt;

where log et+1 = �e log et + �e�e;t+1 and �e;t+1 s NID (0; 1). Finally, trends in technology are
introduced through zt in the production function, i.e. yi;t = atk

�
i;t (zthi;t)

1�� where log zt+1 =
log�z;ss+log zt+�z�z;t+1 and �z;t+1 s NID (0; 1). As a result, this extended New Keynesian model
has �ve shocks and nine state variables, making its size comparable to many of the DSGE models
typically used in the literature to study business cycles (see for instance Christiano, Eichenbaum,
and Evans (2005), Fernández-Villaverde and Rubio-Ramírez (2007), among others).18

For the simulation experiments below, we let b = 0:3, �d = 0:98, �e = 0:90, �d = 0:015,
�e = 0:01, �R = 0:0025, �z = 1:005, and �ss = 1:005. Given the additional shocks and steady
state in�ation of 2% per year, we initially eliminate the price-in�ation spiral in the standard third-
order perturbation approximation by letting �� = 2:0 to make the central bank more aggressive
to deviations in the in�ation gap. With the remaining parameters given by Table 1, we obtain a
calibration where standard perturbation at third order generates stable dynamics. This speci�cation
is therefore referred to as the �stable perturbation calibration�. It is also useful to consider a setting
where standard third-order perturbation explodes. We therefore lower �� to 1:95 in our second
calibration (which is otherwise identical to the �rst calibration) and refer to this second speci�cation
as the �explosive perturbation calibration�.

A.2 E¢ cient Starting Values for the Extended Path

It is essential to have good starting values to obtain fast convergence when solving the �xed-point
problem implied by the Extended Path. These starting values are typically derived based on a
�rst-order approximation. However, when the Extended Path is used in the extended perturbation
method, higher-order derivatives of the functions g and h are already available as they are required

18The computational cost of running the Extended Path is largely una¤ected by the number of exogenous shocks
because they are concentrated out when solving the �xed-point problem, as explained in our online appendix. Hence,
the execution time reported below for the perfect foresight component of the policy function should be representative
of the computational costs implied by models with more than �ve structural shocks.
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to compute the uncertainty corrections. It therefore seems natural to use these higher-order deriv-
atives to improve the starting values from a linearized solution. To minimize the computational
burden of deriving fEt [xt+i] ; Et [yt+i�1]gNi=1, we use the perturbation method of Andreasen and
Zabczyk (2015).19 The method is outlined in Appendix B for a third-order approximation.

We evaluate the e¤ect of di¤erent starting values in the Extended Path by simulating a sample
path of 5; 000 observations. For the stable perturbation calibration it takes 2; 465 seconds to
generate this sample path when using starting values from a linearized solution, but only 1; 926
seconds when the starting values are obtained from a third-order approximation. This is equivalent
to an e¢ ciency gain of 21:9%.20 The corresponding execution times for the explosive perturbation
calibration are 2; 878 and 2; 478 seconds, respectively, and imply an e¢ ciency gain of 13:9%.21 Given
these �ndings, we use starting values from standard perturbation at third order in the remaining
part of this appendix.

A.3 The Terminal Condition in the Extended Path

The execution time of the Extended Path is also a¤ected by the length of the horizon N considered
before closing the approximated system with a terminal condition for the control variables yt+N .
As the size of the �xed-point problem in the Extended Path grows linearly in N , it is desirable
to use a relatively low value of N . Adjemian and Juillard (2010) note that N can be lowered
if the standard terminal condition of yt+N = yss is replaced by yt+N = Et

�
y1stt+N

�
, where y1stt+N

denotes the control variables at time t + N in a �rst-order approximation. But, higher-order
approximations to the conditional expectation of yt+N are easily obtained from the process of
computing e¢ cient starting values in Section A.2, and it therefore seems natural to consider the
terminal condition yt+N = Et

�
y3rdt+N

�
, with y3rdt+N denoting the control variables at time t+N in a

third-order approximation.
Table 4 analyzes the accuracy of the Extended Path with respect to the horizonN and the choice

of terminal condition on a simulated sample path of 5; 000 observations. For both calibrations, all
terminal conditions imply the same level of accuracy with a long horizon of N = 250, which serves
as the benchmark for computing the RMSEs. When we gradually reduce N , the standard terminal
condition of yt+N = yss is clearly less accurate compared to using the terminal condition from a
linearized solution. The �nal column in Table 4 shows that a third-order approximation for the
terminal condition is even more accurate than the linearized solution, except when N = 50 in the
explosive perturbation calibration. Hence, we generally obtain the highest level of accuracy in the
Extended Path by using a third-order approximation to compute the terminal condition, and we
therefore adopt this speci�cation in the remainder of this appendix.

< Table 4 about here >

A.4 A State-dependent Horizon in the Extended Path

So far, we have assumed that the same horizon applies to all state values in the Extended Path.
But if xt is close to the steady state, a relative short horizon should be su¢ cient for Et

�
y3rdt+N

�
. We

19Given a third-order perturbation approximation and N = 200, it takes only 0:04 and 0:40 seconds to compute the
required loadings for the conditional expectations up to second and third order, respectively, in our New Keynesian
model.
20The computations are carried out in MATLAB 2014a using an Intel(R) Core(TM) i5-4200 CPU with 2.50 GHz

and a horizon of N = 200 in the Extended Path.
21The execution times are slightly higher in this second calibration, because it is time-consuming to obtain conver-

gence in the Extended Path for state values far from the steady state where standard perturbation explodes.
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exploit this observation to introduce a state-dependent horizon N�, where the aim is to dynamically
adjust the horizon to reduce the computational cost of the Extended Path. We implement this idea
by the rule

N� (Dss;xt) = min
n
N 2 N : max

n���Et hy3rdt+Ni���o � Dss st. N 2 [Nmin; Nmax]
o
; (23)

where Dss denotes the tolerated distance of Et
�
y3rdt+N

�
from the steady state. That is, we use the

shortest horizon where the largest element in Et
�
y3rdt+N

�
is within the distance Dss from the steady

state, subject to N 2 [Nmin; Nmax]. This implies that N� depends on Dss and the current state xt
through Et

�
y3rdt+N

�
, as indicated in (23).

Table 5 evaluates the performance of N� with Nmin = 20 and Nmax = 200 on a simulated sample
path of 5; 000 observations. The execution time with a �xed horizon of N = 200 corresponds to
Dss = 0 and requires 385 seconds per 1; 000 draws. Introducing the state-dependent horizon with
Dss = 0:01 hardly implies any loss of accuracy (RMSE = 7:91� 10�5), but reduces the execution
time to just 196 seconds per 1; 000 draws due to an average horizon of just 87 time periods. For
larger values of Dss, the average horizon and the execution time fall even further but it also a¤ects
the accuracy of the Extended Path. Turning to the explosive perturbation calibration in the lower
part of Table 5, we once again �nd that a state-dependent horizon lowers the execution time of the
Extended Path with only a small loss in accuracy.

< Table 5 about here >

A.5 Occasionally Using the Perturbation Approximation of the Perfect Fore-
sight Component

We have so far used the Extended Path to compute the perfect foresight component of the policy
function for all state values. But a standard perturbation approximation to this component may
for some state values be su¢ ciently accurate. To formalize this idea, let y3rdt denote the standard
perturbation approximation at third order to the control variables at xt. The standard perturbation
approximation of Et

�
y3rdt+1

�
is derived in Section A.2, and x3rdt+1 follows directly from approximated

state equations. We then use (1) to compute the Euler-equation residuals under perfect foresight of
the standard perturbation approximation in period t, i.e. 	t � f

�
xt;x

3rd
t+1;y

3rd
t ; Et

�
y3rdt+1

��
, where

f is expressed in unit-free terms. Next, let EE denote the tolerated Euler-equation errors, and
consider the approximation

yt = 1fmaxj	tj�EEgg
3rd (xt) +

�
1� 1fmaxj	tj�EEg

�
gPF (xt)

xt+1 = 1fmaxj	tj�EEgh
3rd (xt) +

�
1� 1fmaxj	tj�EEg

�
hPF (xt) + ���t+1

; (24)

where 1fmaxj	tj�EEg is the indicator function. Here, g
3rd (xt) denotes the standard perturbation

approximation to the perfect foresight component of the policy function, and similarly for h3rd (xt).
That is, we use standard perturbation when it is su¢ ciently accurate, i.e. max j	tj � EE, otherwise
the Extended Path is used.

The performance of (24) is shown in Table 6 for the stable perturbation calibration using a
simulated sample path of 5; 000 observations. The �rst part of the table imposes Dss = 0 and uses
a �xed horizon of N = 200 in the Extended Path. Letting EE = 5 � 10�5, the Extended Path is
only used for 27% of the observations, and this allows us to generate 1; 000 draws in just 58 seconds
compared to 385 seconds with EE = 0. This sizable reduction in execution time is achieved with
nearly no loss in accuracy as seen from the RMSEs of 3:28 � 10�5. For larger values of EE, even
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more observations are computed by the perturbation approximation and this further reduces the
computational cost at the expense of a small loss in accuracy.22 The remaining part of Table 6
adds a state-dependent horizon to the Extended Path and this further lowers the execution time.

< Table 6 about here >

The results for the explosive perturbation calibration in Table 7 also document a large reduction
in execution costs with only a small loss in accuracy by occasionally using the perturbation approx-
imation. With a relatively high value of EE, we only use the Extended Path to avoid explosive
sample paths and otherwise rely on the standard perturbation approximation. This is illustrated

in Figure 3, where we plot kx̂tk =
qPnx

i=1 x̂
2
i;t for the part of our simulated sample where standard

perturbation explodes. With a high value of EE as considered in the bottom chart, extended
perturbation only relies on the Extended Path (marked by gray areas) from observation 4125 to
4250 where standard perturbation explodes, as shown by the diverting blue line. The case with a
relatively low value of EE is considered in the top chart of Figure 3, where the Extended Path is
used to avoid explosive dynamics and improve accuracy even when standard perturbation does not
explode.

< Figure 3 and Table 7 about here >

B Conditional Expectations in DSGE Models

Consider the case where the DSGE model reports the endogenous variable rt and we want to
compute conditional expectations of this variable, i.e. r1;t � Et [rt+1], r2;t � Et [rt+2], r3;t �
Et [rt+3], etc.23 The law of iterated expectations implies r2;t � Et [rt+2] = Et [Et+1 [rt+2]] =
Et [r1;t+1] and so on. Hence, only a formula for computing pt � Et [rt+1] is needed because all other
expectations can be found be iterating on this formula. We therefore consider the problem

p (xt) = Et [r (xt+1)] ;

where we omit the perturbation parameter �, given our focus on the perfect foresight solution.24

We then observe that

F (xt) � Et
�
�p (xt) + r

�
h (xt) + ���t+1

��
= 0; (25)

because xt+1 = h (xt)+���t+1. Note then that (25) must hold for all values of xt. This allow us to
compute all derivatives of p with respect to xt around the deterministic steady state, i.e. xt = xss
and � = 0, given derivatives of h (xt) and r (xt+1) around the same point. For the indices we adopt
the convention that the subscript indicates the order of di¤erentiation. I.e. a subscript 1 is for the
�rst time we take derivatives and so on. Thus,

�1; �2; �3 = 1; 2; :::; nx 1; 2; 3 = 1; 2; :::; nx:

22When EE = 0:01 all observations are computed by the perturbation approximation. Its execution time is here
higher than reported in Table 5, mainly due to the computational costs of obtaining 	t.
23 If the variable of interest is a control variable, then the function r (xt+1) follows from the function g (�). If

the variable of interest is a state variable, then we let rt � i0xt to obtain moments for the i�th state variable with
i (k; 1) = 1 for k = i, otherwise i (k; 1) = 0.
24Derivatives of the conditional expectation with respect to the perturbation parameter are derived in a technical

appendix accompanying Andreasen (2012a).
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To compute the �rst-order terms, straightforward di¤erentiation of (25) implies

[px]�1 = [rx]1 [hx]
1
�1
;

or in standard matrix notation
px (1; :) = rx (1; :)hx:

The second-order terms are given by

[pxx]�1�2 = [rxx]12 [hx]
2
�2
[hx]

1
�1
+ [rx]1 [hxx]

1
�1�2

;

or in the standard matrix notation

pxx = h
0
xrxxhx +

Pnx
1=1

rx (1; 1)hxx (1; :; :) ;

where hxx has dimensions nx�nx�nx and contains all second order derivatives of h (�) with respect
to (xt;xt). Finally, the third-order terms are given by

[pxxx]�1�2�3 = [rxxx]123 [hx]
3
�3
[hx]

2
�2
[hx]

1
�1

+ [rxx]12 [hxx]
2
�2�3

[hx]
1
�1

+ [rxx]12 [hx]
2
�2
[hxx]

1
�1�3

+ [rxx]13 [hx]
3
�3
[hxx]

1
�1�2

+ [rx]1 [hxxx]
1
�1�2�3

;

or in the standard matrix notation

pxxx (�1; �2; �3) =
Pnx
3=1

hx (:; �1)
0 rxxx (:; :; 3)hx (:; �2)hx (3; �3)

+hx (:; �1)
0 rxxhxx (:; �2; �3)

+
Pnx
1=1

rxx (1; :)hx (:; �2)hxx (1; �1; �3)

+
Pnx
1=1

rxx (1; :)hx (:; �3)hxx (1; �1; �2)

+rx (1; :)hxxx (:; �1; �2; �3) :

Here, hxxx has dimensions nx � nx � nx � nx and contains all third order derivatives of h (�) with
respect to (xt;xt;xt). Similarly, rxxx and pxxx have dimensions nx�nx�nx and contain all third
order derivatives of the r- and p-functions, respectively.
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Table 1: The New Keynesian Model: The Structural Parameters

� 0:99 � 0:75
hss 0:33 �R 0:80
�1 2:00 �� 1:50
�2 2:00 �y 0:125
� 2:00 �ss 1:00
� 0:025 �a 0:95
� 0:36 �a 0:006
� 6:00

Table 2: The New Keynesian Model: Accuracy on Grid
The RMSEs are computed based on log (zt=ztruet ) = ẑt � ẑtruet , where zt �

�
ct; it; �t; x

2
t

	
and the true

solution is given by the projection approximation. The grid is constructed using 20 points uniformly spaced
along each dimension of the state space, giving a total of 204 = 160; 000 grid points. The bounds for the
interest rate, capital, and technology in the grid range from -3 to +3 standard deviations in a log-linearized
solution. For the price dispertion index the grid ranges from �0:005 to 0:05. Bold �gures for each of the
variables highlight the approximation with the lowest RMSE.

Standard Perturbation: Perfect foresight Extended Perturbation:
1st order 3rd order 3rd order

RMSEs
Consumption: ct 0:00253 0:00170 0:00144 0:00124
Investment: it 0:06813 0:01718 0:00957 0:00884
In�ation: �t 0:00190 0:00058 0:00060 0:00049
Auxiliary control variable: x2t 0:18741 0:05578 0:03863 0:03866
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Table 3: The New Keynesian Model: Accuracy in Simulation
The RMSEs are computed based on log (zt=ztruet ) = ẑt � ẑtruet , where zt �

�
ct; it; �t; x

2
t

	
and the true

solution is given by the projection approximation. The reported means and standard deviations are in
percentage deviation from the steady state. The RMSEs, the means, and the standard deviations are
computed using simulated paths based of 20,000 observations with a burn-in of 1,000 observations. Bold
�gures highlight the best performing approximation method(s).

Consumption Investment In�ation Aux. control
ct it �t x2t

RMSEs
Perturbation: 1st order 0:00263 0:00811 0:00091 0:01284
Perturbation: 3rd order 0:00116 0:00431 0:00043 0:00499
Perturbation: 3rd order, exact st 0:00103 0:00415 0:00038 0:00401
Perturbation pruned: 3rd order 0:00134 0:00457 0:00049 0:00579
Perfect foresight 0:00137 0:00371 0:00045 0:00234
Extended Perturbation: 3rd order 0:00094 0:00362 0:00038 0:00313

Means
Perturbation: 1st order 0:0007 0:0013 �0:0002 0:0022
Perturbation: 3rd order �0:0005 �0:0004 0:0001 �0:0017
Perturbation: 3rd order, exact st �0:0005 �0:0006 0:0001 �0:0021
Perturbation pruned: 3rd order �0:0004 �0:0001 0:0001 �0:0014
Perfect foresight �0:0001 �0:0004 0:0001 �0:0040
Extended Perturbation: 3rd order �0:0005 �0:0004 0:0001 �0:0022
Projection: 12th order �0:0012 �0:0028 0:0004 �0:0041

Standard deviations
Perturbation: 1st order 0:0152 0:0508 0:0058 0:0587
Perturbation: 3rd order 0:0157 0:0520 0:0060 0:0611
Perturbation: 3rd order, exact st 0:0158 0:0522 0:0060 0:0616
Perturbation pruned: 3rd order 0:0156 0:0518 0:0059 0:0609
Perfect foresight 0:0156 0:0519 0:0059 0:0624
Extended Perturbation: 3rd order 0:0158 0:0522 0:0060 0:0621
Projection: 12th order 0:0162 0:0533 0:0062 0:0637
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Table 4: Extended Path: The Terminal Condition
All three terminal conditions imply the same RMSEs for the control variables (denoted RMSEy) using
N = 250, where N denotes the horizon in the Extended Path. The RMSEs are computed in a simulated
sample path of 5; 000 observations. Starting values for the Extended Path are computed from a third-order
perturbation approximation. Bold �gures highlight the best performing method for a given value of N .

RMSEs for terminal conditions
yt+N = yss yt+N = Et

�
y1stt+N

�
yt+N = Et

�
y3rdt+N

�
Stable perturbation
calibration
N = 200 6:41� 10�9 1:32� 10�10 1:29� 10�10
N = 175 6:06� 10�8 1:25� 10�9 1:21� 10�9
N = 150 5:63� 10�7 1:18� 10�8 1:11� 10�8
N = 125 5:22� 10�6 1:10� 10�7 9:91� 10�8
N = 100 7:01� 10�5 1:04� 10�6 8:59� 10�7
N = 75 5:63� 10�4 1:02� 10�5 7:08� 10�6
N = 50 0:0035 1:32� 10�4 5:54� 10�5

Explosive perturbation
calibration
N = 200 2:77� 10�8 2:45� 10�10 2:16� 10�10
N = 175 2:71� 10�7 6:37� 10�9 3:62� 10�9
N = 150 2:67� 10�6 1:44� 10�7 9:49� 10�8
N = 125 2:67� 10�5 2:91� 10�6 2:08� 10�6
N = 100 0:0074 6:00� 10�5 4:46� 10�5
N = 75 0:0165 0:0040 4:83� 10�4
N = 50 0:0120 0:0183 0:0197
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Table 5: State-Dependent Horizon in the Extended Path
The RMSEs for the control variables are computed using the horizon N = 200 as the benchmark in a
simulated sample path of 5; 000 observations. The optimal horizon N� is restricted to the interval from 20
to 200. Starting values and the terminal condition are obtained from a third-order perturbation
approximation. The perturbation approximation at third order and the pruned version are computed
without the uncertainty correction to get the perfect foresight approximation. The computations are
carried out in MATLAB 2014a using an Intel(R) Core(TM) i5-4200 CPU with 2.50 GHz.

RMSEs Mean(seconds) Mean(N�)
per 1,000 draws

Stable perturbation calibration
Extended Path: Dss = 0 0 385 200
Extended Path: Dss = 0:01 7:91� 10�5 196 87
Extended Path: Dss = 0:02 2:50� 10�4 136 58
Extended Path: Dss = 0:03 3:92� 10�4 101 43
Extended Path: Dss = 0:05 5:92� 10�4 74 29
Extended Path: Dss = 0:08 7:43� 10�4 62 21
Extended Path: Dss = 0:10 7:89� 10�4 51 20
Perturbation: 1st order 0:0071 0:004 �
Perturbation: 3rd order 2:87� 10�4 0:05 �
Perturbation pruned: 3rd order 5:05� 10�4 0:12 �

Explosive perturbation calibration
Extended Path: Dss = 0 0 496 200
Extended Path: Dss = 0:01 6:31� 10�5 361 100
Extended Path: Dss = 0:02 2:00� 10�4 263 69
Extended Path: Dss = 0:03 3:40� 10�4 208 52
Extended Path: Dss = 0:05 7:84� 10�4 137 35
Extended Path: Dss = 0:08 0:0127 75 25
Extended Path: Dss = 0:10 0:0176 66 22
Perturbation: 1st order 0:0134 0:004 �
Perturbation: 3rd order NaN � �
Perturbation pruned: 3rd order 0:0072 0:12 �
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Table 6: Combining Perturbation and Extended Path: Stable Perturbation Calibra-
tion
The RMSEs for the control variables are computed using N = 200 and EE = 0 as the benchmark in a
simulated sample path of 5; 000 observations. The optimal horizon N� is restricted to the interval from 20
to 200. Starting values and the terminal condition are obtained from a third-order perturbation
approximation. The perturbation approximation at third order is computed without the uncertainty
correction to get the perfect foresight approximation. The computations are carried out in MATLAB 2014a
using an Intel(R) Core(TM) i5-4200 CPU with 2.50 GHz.

RMSEs Mean(seconds) Pct of times Extended
per 1,000 draws Path is used

Dss = 0 EE = 0 0 385 100
EE = 0:00005 3:28� 10�5 57 27
EE = 0:0001 6:20� 10�5 35 15:3
EE = 0:001 2:38� 10�4 1:4 0:36
EE = 0:01 2:87� 10�4 0:5 0

Dss = 0:01 EE = 0 7:91� 10�5 196 100
EE = 0:00005 3:65� 10�5 33 27
EE = 0:0001 6:24� 10�5 18 15:3
EE = 0:001 2:38� 10�4 1:0 0:36
EE = 0:01 2:87� 10�4 0:5 0

Dss = 0:03 EE = 0 3:92� 10�4 101 100
EE = 0:00005 1:61� 10�4 16 27
EE = 0:0001 1:11� 10�4 12 15
EE = 0:001 2:38� 10�4 1:0 0:36
EE = 0:01 2:87� 10�4 0:5 0

Dss = 0:05 EE = 0 5:92� 10�4 74 100
EE = 0:00005 3:33� 10�4 11 27
EE = 0:0001 2:38� 10�4 9 15
EE = 0:001 2:38� 10�4 1:0 0:36
EE = 0:01 2:87� 10�4 0:5 0

Dss = 0:08 EE = 0 7:43� 10�4 62 100
EE = 0:00005 4:63� 10�4 7 27
EE = 0:0001 3:49� 10�4 5 15
EE = 0:001 2:38� 10�4 0:7 0:36
EE = 0:01 2:87� 10�4 0:5 0
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Table 7: Combining Perturbation and Extended Path: Explosive Perturbation Cali-
bration
The RMSEs for the control variables are computed using N = 200 and EE = 0 as the benchmark in a
simulated sample path of 5; 000 observations. The optimal horizon N� is restricted to the interval from 20
to 200. Starting values and the terminal condition are obtained from a third-order perturbation
approximation. The perturbation approximation at third order is computed without the uncertainty
correction to get the perfect foresight approximation. The computations are carried out in MATLAB 2014a
using an Intel(R) Core(TM) i5-4200 CPU with 2.50 GHz.

RMSEs Mean(seconds) Pct of times Extended
per 1,000 draws Path is used

Dss = 0 EE = 0 0 498 100
EE = 0:00005 0:0052 151 45
EE = 0:0001 0:0058 119 34
EE = 0:001 0:0068 42 5
EE = 0:01 0:0079 27 0:9

Dss = 0:01 EE = 0 6:31� 10�5 361 100
EE = 0:00005 0:0052 101 45
EE = 0:0001 0:0058 82 34
EE = 0:001 0:0068 29 5
EE = 0:01 0:0079 18 0:9

Dss = 0:03 EE = 0 3:40� 10�4 208 100
EE = 0:00005 0:0044 78 45
EE = 0:0001 0:0050 62 34
EE = 0:001 0:0069 18 5
EE = 0:01 0:0080 11 0:9

Dss = 0:05 EE = 0 7:84� 10�4 137 100
EE = 0:00005 0:0050 55 45
EE = 0:0001 0:0061 39 34
EE = 0:001 0:0073 13 5
EE = 0:01 0:0079 8 0:9

Dss = 0:08 EE = 0 0:0127 75 100
EE = 0:00005 0:0106 31 45
EE = 0:0001 0:0106 28 34
EE = 0:001 0:0127 10 5
EE = 0:01 0:0145 7 1:2
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Table 8: Estimation Results for the New Keynesian Model with DNWR
This table reports the estimates from step 2 in our implemention of SMM, with standard errors in
parentesis with soft brackets, except when it is not available (n.a.) due to a boundary constraint. The
same random numbers with � = 10 are used across the various approximations. The simulated sample
paths for standard perturbation use the pruning scheme of Kim, Kim, Schaumburg, and Sims (2008) at
second order and the scheme suggested by Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2013) at
third order. For extended perturbation, the estimates are obtained from a simulated sample path with
Dss = 0:005, Nmin = 20, Nmax = 200, and EE = 0:01, implying that 15.7 percent of the observations in
the simulated sample path are computed by the Extended Path. The standard errors for extended
perturbation are computed using EE=0.00 to ensure a smooth objective function.

Panel A: No DNWR Panel B: With DNWR
Standard Extended Standard Extended

perturbation perturbation perturbation perturbation
2nd order 3rd order 3rd order 2nd order 3rd order 3rd order

Preferences �2 0:5798
(0:0737)

0:6328
(0:1686)

0:6645
(0:2695)

2:8366
(0:4432)

2:6484
(0:4004)

0:6645
(0:2695)

Wage adj. costs � 2705
(1114)

3428
(1185)

3211
(3:2172)

1073
(400:8)

5083
(1874)

3211
(3:2172)

DNWR  ! 0 ! 0 ! 0 3519
(2116)

6386
(1873)

0:000
(n:a:)

Price adj. cost  206:7
(44:81)

203:6
(89:62)

191:13
(4:7173)

29:07
(7:687)

39:39
(12:1117)

191:13
(4:7173)

Monetary p olicy �R 0:000
(n:a:)

0:000
(n:a:)

0:0296
(0:2825)

0:8147
(0:0307)

0:8539
(0:0226)

0:0296
(0:2825)

Monetary p olicy �� 1:1295
(0:1288)

1:0852
(0:1432)

1:1260
(0:0604)

1:6194
(0:2226)

1:8816
(0:1813)

1:1260
(0:0604)

Monetary p olicy �h 0:0481
(0:0087)

0:0506
(0:0080)

0:0555
(0:0121)

0:0643
(0:0168)

0:0395
(0:0115)

0:0555
(0:0121)

Tech. sho ck �a 0:9245
(0:0154)

0:9379
(0:0190)

0:9367
(0:0241)

0:9604
(0:0067)

0:9577
(0:0088)

0:9367
(0:0241)

Tech. sho ck �a 0:0149
(0:0018)

0:0132
(0:0027)

0:0131
(0:0022)

0:0115
(0:0012)

0:0129
(0:0016)

0:0131
(0:0022)

Preference sho ck �d 0:9952
(0:0018)

0:9984
(0:0011)

0:9977
(0:0014)

0:8889
(0:0241)

0:9038
(0:0272)

0:9977
(0:0014)

Preference sho ck �d 0:0588
(0:0111)

0:0745
(0:0055)

0:0750
(0:0098)

0:0441
(0:0050)

0:0449
(0:0056)

0:0750
(0:0098)

Ob jective

functions Qstep1SMM 2:5389 2:3183 2:3909 0:9477 0:7686 2:3909

Qstep2SMM 0:1111 0:0974 0:1009 0:0883 0:1091 0:1009
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Figure 1: New Keynesian Model: Accuracy Plots
Charts in the left column plot the control variables as a function of ât, ranging from �3 to +3 standard
deviations. Charts in the right column report the log10 errors in the control variables using the projection
approximation as the true solution. The conditioning level of the nominal interest rate and the capital
stock equals �3 standard deviations in a log-linearized solution. The conditional level of ŝt is 0:04.
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Figure 2: The New Keynesian Model: Stability Plots
The policy function for in�ation and the transition function for the price dispertion index are plotted as a
function of ŝt. The conditioning level of the nominal interest rate and the capital stock equals �4 standard
deviations in a log-linearized solution. The conditioning level of technology equals �3 standard deviations.
The histogram for the distribution of ŝt is computed from a simulated sample path of 20.000 observations
using the projection approximation.
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Figure 3: Combining Perturbation and Extended Path: Plot of Sample Path
This �gure shows part of the simulated sample where standard third-order perturbation explodes. That is,
the simulation is for the explosive perturbation calibration and with Dss = 0. The extended perturbation
approximation is computed by standard perturbation, except at the areas shaded gray where the Extended
Path is used. The y-axis reports the distance of the state variables from the steady state, i.e. x̂t from the

steady state, i.e. kx̂tk =
qPnx

i=1 x̂
2
i;t.
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Figure 4: Standard Perturbation: The Asymmetric Wage Adjustment Costs
This �gure shows the wage adjustment costs, the marginal costs, and their approximated values which are
implied by the estimated parameters for standard perturbation at second and third order as provided in
Panel B of Table 8.

0.98 0.985 0.99 0.995 1 1.005 1.01 1.015 1.02
2

0

2

4

6

8

10

0.98 0.985 0.99 0.995 1 1.005 1.01 1.015 1.02
50

40

30

20

10

0

10

0.98 0.985 0.99 0.995 1 1.005 1.01 1.015 1.02
2

0

2

4

6

8

10

0.98 0.985 0.99 0.995 1 1.005 1.01 1.015 1.02
50

40

30

20

10

0

10

Figure 5: Detrended Nominal Wage In�ation
This �gure plots the detrended time series for nominal wage in�ation in the U.S. as applied in the
estimation of the New Keynesian model.

1965 1970 1975 1980 1985 1990 1995 2000 2005 2010 2015

5

0

5

10

15

x 10 3

43



Research Papers 
2016 

 
 

 

 

 

2016-30: Morten Ørregaard Nielsen and Sergei S. Shibaev: Forecasting daily political 
opinion polls using the fractionally cointegrated VAR model 

2016-31: Carlos Vladimir Rodríguez-Caballero: Panel Data with Cross-Sectional 
Dependence Characterized by a Multi-Level Factor Structure 

2016-32: Lasse Bork, Stig V. Møller and Thomas Q. Pedersen: A New Index of Housing 
Sentiment 

2016-33: Joachim Lebovits and Mark Podolskij: Estimation of the global regularity of a 
multifractional Brownian motion 

2017-01: Nektarios Aslanidis, Charlotte Christiansen and Andrea Cipollini: Predicting 
Bond Betas using Macro-Finance Variables 

2017-02: Giuseppe Cavaliere, Morten Ørregaard Nielsen and Robert Taylor: Quasi-
Maximum Likelihood Estimation and Bootstrap Inference in Fractional Time 
Series Models with Heteroskedasticity of Unknown Form 

2017-03: Peter Exterkate and Oskar Knapik: A regime-switching stochastic volatility 
model for forecasting electricity prices 

2017-04: Timo Teräsvirta: Sir Clive Granger’s contributions to nonlinear time series 
and econometrics 

2017-05: Matthew T. Holt and Timo Teräsvirta: Global Hemispheric Temperatures and 
Co–Shifting: A Vector Shifting–Mean Autoregressive Analysis 

2017-06: Tobias Basse, Robinson Kruse and Christoph Wegener: The Walking Debt 
Crisis 

2017-07: Oskar Knapik: Modeling and forecasting electricity price jumps in the Nord 
Pool power market 

2017-08: Malene Kallestrup-Lamb and Carsten P.T. Rosenskjold: Insight into the 
Female Longevity Puzzle: Using Register Data to Analyse Mortality and Cause 
of Death Behaviour Across Socio-economic Groups 

2017-09: Thomas Quistgaard Pedersen and Erik Christian Montes Schütte: Testing for 
Explosive Bubbles in the Presence of Autocorrelated Innovations 

2017-10: Jeroen V.K. Rombouts, Lars Stentoft and Francesco Violante: Dynamics of 
Variance Risk Premia, Investors' Sentiment and Return Predictability 

2017-11: Søren Johansen and Morten Nyboe Tabor: Cointegration between trends and 
their estimators in state space models and CVAR models 

2017-12: Lukasz Gatarek and Søren Johansen: The role of cointegration for optimal 
hedging with heteroscedastic error term 

2017-13: Niels S. Grønborg, Asger Lunde, Allan Timmermann and Russ Wermers: 
Picking Funds with Confidence 

2017-14: Martin M. Andreasen and Anders Kronborg: The Extended Perturbation 
Method: New Insights on the New Keynesian Model 

 


